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Setting
K: algebraically closed field of characteristic 0.

A = KQ/ basic finite-dimensional associative and unital K-algebra
↑ ↑

quiver admissible ideal

mod (A): = category of finite-dimensional Left A-modules .
Ul

Proj (A): = full subcategory of projective A-module .

JA:
Auslander-Reiten translation for A

.

Ko(A): = KolmadA) =Q. Grotheudieck group of mod (A)
.

Ul

KolAl = NQ. submonoid of dimension rectors dim IV) for Vemod (A)
.

Ko(projAln: = Ko(projAl @, R Ko(A): =Homz (Ko(A), R

Euter paining: <

-, -3: KolprojAlxK. (A) -, P, V:dimp Hom, (P, VI
.



EingEry Stability

Des: [AlR] (V, P) -mod (A) x proj (A Def:[king] OcKo(A) .Vemoc(Al
-

is -rigid if *Homy (P, V) = 0 is o-semistable if *O(V) = 0

* Hom, (V, JAV) = 0 * 0(21.0 FOREV.
it is -stable if strict inquality holds

.

Interplay of -filting theory and stability: DIJ, BST, Asai, Al, ...

Representation fite

/ finitely many indecomposableXLsingleinmal-

T-rigid modules in mod (Al
.

modules in mod (A)
.

# [DI3] Il[BST] &

9
= Sit S Wall fit

finitely many cones in finitely many
walls in Ko(A)*

the g-rector fan Fan (A) <KolprojAl --

(V): = {0)Viso-semistable 3W
R

Di = 334 ↑2 -> Demonet's conjecture:
-

Nationally-g-empete Suppose A is -filting infinite .

Ko(projAl, Fan (Al
Then, there exists Gekolproj Al

such that 5Fan (A)
.



anew-ThwallI
Thm: [Roite]

Suppose
A is representation infinite-

-

tor every >0 exists an indecomposable
Vemod(A) with dimp (V) > d.

ErigidI *table BTI
-

Propi Suppose A is -filting infinite. #m: [ST] Suppose A is -filting infinite.--

-

For every da0 exists an indecomposable For every >0 exists a stable Vemod(Al

-rigid Vemod (A) with dimp (V)c. with dink (V) > d.

I

Pf: Let deKo (A).
[I: [ST] using g- &c-rectors

Rep (A, d): = affine variety of representations
works over arbituary fields

.

o A with dimension rector
d [MP] resing similar strategy as for

⑤
-rigic BTI ove K

= E
.

GL(k, d): = TGL(k, di

VeRep(A, d) I > O(V): = GL(k, d)
.

V

V-migid ist]O(Rep(A,do duble component
1 <& -rigid modules with dimension rector d

.
D

Etation: Iww (A): EZIZ is an in reducible component of Rep(A, d13



anew-ThwallII
Th: [B] Suppose

A is representation infinite .

-

t

Tere exist deKo(A) and
&-many indecomposable

Vemod(A) with dim (V) =d .

-

Ref: [GLS'12] Zelvw (A) is -reduced if Imm: [King] Let KolAl*, deKo(A) .
-

-

generic numpat There exists a quasi-projective variety
of parametersA(Z)

= hom(Z) :mindim Hom, (V, Mod(A, d,
0)st

R: "E "holds
by a

Lemma of Voigt parametrizing isomorphism classes

V {Vemod (A) -vigid 3/
of -Stable A-modules VeRep(A, d)

.

I Fris
5 EZelur (A) -reduced with

(,(Z) = 03
.

reducedBT#I -tableBT#I

Gonj: Suppose
A is J-filting infinite Gj: Suppose

A is 5-tilting in Sicrite
- -

mere exist dekolAst and Zelur(A) There exist deko (A) and OcKo(A)
*

such that Z is -reduced with cy (Z)>, 1 .
such that dim Mod (A, d,

0, 1
.

Remarkson the history: Verified for:
- ...

· BTI& I 1950 first published in [Baus] · hauditary algabuas . V
· brick BTI first introduced in [Moz] · minimal rep. -infinite special biserial and
stated with this name in [STV]

.

/ 1/ nou-distribution [co1dz]

· Couj: Tello?] Deuse orbit proputy · special biscial algebras [STV]
=> J-Eilting finite

.

· biserial algebras IcP3



anew-ThwallII
- Lim: B] Suppose

A is representation infinite .

-

t

Tere exist deKo(A) and
&-many indecomposable

Vemod(A) with dim (V) =d .

reducedBT#I => -tableBT#I
O

Gonj: Suppose
A is s-filting infinite Gj: Suppose

A is -filting infinite
- t -

There exist deKo(A) and Zelvr (A) There exist deko (A) and OcKo(A)
*

such that Z is 5-reduced with cy (Z)>, 1 .

such that dim Mod (A, d,
0, 1

.

L E
-

Pla] /Jasso, BST]* /
L

Dlemonet's conjecture
-

Conj: Suppose
A is -filting infinite .

-

Then, there exists Gekolproj Al

such that 5Fan (A)
.



Reisentationtame ei mein
-

LCC3 are parametrized by finitely manyS points and rational curves .↓
generically reduced tame TCC]

Tor all generically indecomposable
and -reduced Zelvw (A) is

-

Ca(Z) 1. I I St

↓IGCFS) [Py] v

Etame [DE, Al] sability me

For all -reduced Zelvr (A) is For all EKo(Al*, de Ko (A) is

hom(z, Z) = 0 dim Mod (A, d,
0)= 1

,

min dim Homy (V, JAW)
V,wez ↓

[Asai PY]
-

-gEme[AY] C
/

Valltame [BST]
-Ko(projAle Fan (A)
W (V) EKo(Al2

Vo
has finite measure



reducedBT#I => -tableBT#I
O

Gonj: Suppose
A is s-filting infinite Gj: Suppose

A is -filting infinite
- -

There exist deKolAst and Zelvr (A) There exist deko (A) and OcKo(A)
*

such that Z is -reduced with cy (Z)>, 1 .

such that dim Mod (A, d,
0, 1

.

L EJasso, BST]
-

Pla] /* /
L

Dlemonet's conjecture
-

Conj: Suppose
A is -filting infinite .

-

Then, there exists Gekolproj Al

such that 5Fan (A)
.

In: [P'23] Suppose
A is E-tame

. Then, the following implication holds:

A satisfies -reduced BTI) A satisfice the stable BT II

RIIdea: Given 5-reduced Eclow (A) with CA(Z) >1
Generic g-rector [PLa]

Consider :
= (g(z), A eKo(A)

*

Construct o-stable modules as factors of generic clements of Z.

B

Rh: It is enough to prove Demonet's conjecture for -tame algebras .



~

Anexampeofaffine+ Kr

A:=KQ/I
,
Q: 2-1Da

,
l:=(E")

.

is representation wild

-Elling Exchange quiven~chamber structure -> * minimal -tilting-

(1 , 0)(0 ,1)
0: = (- 1
,2) k(A)

*

infinite

- E

=
[Pz] [clo,Wang

(-
1

,4) (0 , 1) ↓
&
-

* Wall & g-tame
↓ &

(- 1
,4) (

1
, 3)

!

·

......
·

I KolprojAne * stability tame

E (1 ,0)(0, - 1) · -

=> KLA)*
* generically

· - l
>- reduced tame

(3 ,4) (1 , 1) ↓ I I 1 1 > [P]
C

↓ &

71 ,0)(1 , 1)
-

->
(1 , 0)(0, - 1)

·stable modules: Voi = K ,-[18]
.

:= kI
0000

I for MEK.
0010

-

im: [P'23] These are pairwise Hom-outhogonal with Palace
V>
FRek

.
-

Moreover, every -stable A-module is isomorphic to Vo or

Vy
for some ck

.



Valued quiers& Galgras

A valued quiver M consists of
*

M
: a finite set of vertices

* MPN a set of half edges st
. (i, je= (j, i) ere and its

E 8ji 18:j
*

M
am orientation st

. (i, jede = (j, i) da 1 -
j

-M assued to be acyclic .

Ci cj

* 20:P -> IN
,e
a valuation

* E:

To
-> I a symmetrizen Sit

.

(
:Dij

= (jjilj, isete

Rh: Equivalent to the data (C, er() of a generalized Cartan matrix C

with ovicutationf and symmetrizen D
.

Ins [GLS'17] Quiva Q=Q(M)

2
* Qo

:
=

Mo
-> &

Ei G i i ↓-C;

->

* Qu: = {2):i -j)(j,ex ,1ggji = gad(s0j)3 29
UEE: i i lie 3

.

with ideal IKQ generated by
relations in GLS algebra

* mitpotancy: = 0 Vieto ,
HCR): = KQ/I

.

Sij a(9) -29 .

Si
Ci, se die* commutativity: Es jj



Valued quiers& Galgras

Ins [GLS'17] Quiva Q=Q(M)

2
* Qo

:
=

Mo
->

E
:
G
i i i :

->

* Qu: = {2):i -j)(j,ex ,1ggji = gad(s0j)3 29
UEE: i i lie 3

.

with ideal IKQ generated by
relations in GLS algebra

* mitpotancy: = 0 VieMo 3
HCR): = KQ/I

.

Sij a(9) (9)
:

Sie
Fli, jede. When Si Dji/9si* commutativity: Es jj

= &ji

-

↳m: Let ↑ be a valued quien and H:

= H(M . Vi is free

* [GLS'17] H is -Iwanaga-Gorenstein ↓Kle:3/>
- module

* [Pla'13] #233 Zelww (t) is -reduced if Z is generically locally free

Vie Qo.1: C

[GLS'18]: { Zelur (1) gen. (oc. fr. 3 --> INMo

Z(v) = v rank

Z - vklZ) genie vank rector d

* [GLS'20] H is a (formall degeneration of a species our Kla
wh(Vli = (ohks:

3!(Vi)
↳ H is -filting finite is and only if M is of finite type li . e. Tits form

que
is

position definite)
( H is g-tame is and only if M is of affine type si. e 9p is pos

.semidefinite)



Valued quiers& Galgras

Examples i * M simply laced Ci. e..Vie I is ordinary path algebra.- -

-114 defor -> e
13 2 -> e

* M
: 2 -

!
affine type BC >H = K(2-> 19)/"

" =
2

Pathe alg. of
->
e

C

E3 Er
211 1 2 E

* M

:
3 -> 2 -> 1
2 M ~

affine type z
(n) H = K(3 - 2 - /C, gentle

de So.

1 path algebra of 32Ei = tei
23 &

z

1/2 2/l
E
L
⑦ 22 2

* M
: 4 - 3 - > - 1affine type(H = k(4 - -3- 12 - - 1)/ 3
l 2 Z - Ea = 2 E3
deSo.

path algebra of 4
-> ->

e1
Ei = tei -- Ez

112
2
112 - I

L
E

-"
*

M

: 3 -- -- r affine type BC ,> H = K(3 - > -/i
L 2 2 Er L

de So.
->
e

1 path algebra of -
2 -

Ei = tei -
2 ->
-

-l



AffmeGLS algeras
connected

In: [P'23] Suppose Misos affine type with minimal symmetrizen. (i. e. gad(c) = 1)

Then H:=H(M) is generically -reduced tame .

More precisely, every VeINNo can be decomposed as
/

v = m

.y + w
I
E generalized Kac' decomposition" (

for some weINTo, meIN and Me INT 503 the primitive null voot (i . e-
minimal

such that
with qu(y) = 0)

z(v = m Z(w),

z(w) = (W)
, z(= FEV

&EN1

where WEmod (A) is -vigid
and Vsemod (A) is an explicit 1-parameter family of locally free module

Moreover, for almost all MEN is

* J (V) = Va

*
Un

is b-stable for the defect (0

: = (1, - >4: Ko (A)*.

Quation: Ave these together with the stable modules associated to -rigid moduls

all stable H-modules i.e . is H stability tame?
c ... [BDG] on plane degenerations of eliptic carves

.
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i#breviation of names (in order of appearance)-

AlR: Adachi-Lyama - Reiten. AY: Aoki-Yurikusa

Al: Asai-lyama PY: Plamondon-Yurikusa

BST: Brüstle-Smith-Treffinger BDG: Bodnarchul-Drozd-Greuel

DIJ: Demonet-Lyama-Jasso

ST: Schwoll-Treffinger

MP: Mousavand-Paquette
B :Bautista

GLS: Geil-Lecker-Schwer
o:Mousarand

STV: Schwoll-Freffinger-Valdivieso
Pla: Plamondon

CC
: Carroll-Chindris

GLFS: GeiB = Labordini Fragoso-Schwer
-

DF: Derksen - +ei


