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I Extended Khovanov are algebras

Let m , n ≥ I be two natural numbers

A weight of type mh is a sequence of m v 's & n n's . ✓ ✓ ^^ ✓ ^ ✓ ^ ✓ ✓

An arc diagram of type mn is obtained by
drawing open /closed arcs through '̂s & v 's ✓✓ ¢
inducing a well -defined orientation on each are

subject to the condition that the following
shapes do not appear
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Def. The extended Khovanovarc algebra kmn is dim Kmn = # are diagrams
the algebra with It - basis given by arc diagrams of type mh

mn I 2 3 l
graded by the number of clockwise cups & caps in each arc I 5 9 13 4L -11
diagram .
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Ex. Ki ≈ k( •%) / (yx) 1×1=191--1 ,
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④
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The multiplication can be defined via a ZDTQFT Frobenius algebra structure on IKK]/69
i i : : : : :

§ . . . / . . . . . . . _ . . . . _ . . _ . - restitch & "' i i (sum of) new arc (t)8- I connect - cut →

. ..fi#reIet--.--ffj
"

/ identify → ' ' ' / " ' / " - diagrams)§ . . . / . . . . . .. . . . repeat
. . . . . . . . . ; :

& :
: : : : : :

10×1-1 ☒ e - e , _ , { +eE ' ↳ E E E - O ens e ☒ e gaps . 1µg = { (*) if B=80 else
.

{☒ 3hr0 - ' - } ↳ E.⊕ } . . .

µ,, ,µ
§

e.g. →

""HE Ñ÷
.

+ - + ① ① eki
deg.2 deg. 2

12m¥ Kin can be viewed as a quotient of the classical
Khovanovarc algebra Hmm:# same # of v 's &n's ✓④?⃝^c- K} c- HE



Extended Khorana are algebras in
Algebraic properties

representation theory & symplectic geometry

Thnx ① (stroppet 2009) Thm_ (Brandan - Stropped 2011)
① Kris is

mod Kmh ≈ OF ≈ Perv (Gran , mtn))
• cellular-

categoryofperverseprincipal block of
parabolic category0 sheaves on GrassmannIan • Koszul
assoc. to

gem(e)⑤ gln(E) cglm.int) • quasi-hereditary

② ( stropped-Webster 2012) ⑦ kin has a double centralizer property

Kmh ≈ cohomology of intersections of irreducible kin ≈ EndHinfekin)°P & eknie ≈ Him
components of 2-block Springer fibres ~

flags in em
-1h
fixed Hnn classical Khovanov

③ (Mak-Smith 2022) by nilpotent N with arc algebra
Jordan type (min)

perf kin =D (FS (Ini)) Rmk_ Can recover Khorana homology of
Fukaya-Seidel
category knots / links from representation theory &

where ñmⁿ : Hilbm (Am .in-D - D g-
E symplectic geometry .

symplectic Lefschetz fibration



Geometric interpretation of arc diagrams A
}
= { ix.g.⇒ c- ¢3 1×2+5 -1,1%6-c) =D}

KE FS (t})
◦ I 23 Lagrangian thimbles/
×× matching spheres in

Hilb (Az -12-1) 'D
degree 0

are diagram
""" " €

/j ⇔

Mak - Smith show that the Lagrangian in n n v u n - n - n - v n

Hills
"

(Amin. ,)'D associated to the degree 0
✗ ✗ ↑ ↑

✗ '

↑
✗

↑ f formalgenerator
are diagrams give a formal generator - n n v v n v n u - ^^

✗

↑
× of DCFSGta))

of Dlfsfitnn)).

The
"standard

"

generator given by ✗ ✗ y y
✗

y
×

↑
✗

f f
× generator

Lagrangian thimbles isnt formal

?⃝ × × ↑ § ✗ ↑
×

y y
× ×
) but not

[Klamt-stropped . I formal
Verma modules in .

parabolic category 6



Thin (Seidel -Thomas 2001) Kim , Ki are intrinsically formal . i.e. Kin , Ki admit no

⇒zag algebras of type A interesting An structure at all

Conj:(stopped KM 2010) HH?→ fkmh , Kmh ) = 0 for all i ≠ 0. ⇒ intrinsic formality of Kmh~

[Kadeishrili , Seidel -Thomas]

THI (B-Wang 2022)?⃝ HH% ( Kmh , Kmh ) ≠ 0 for i = 2mn -4 for all min≥2 .
?⃝ Kmh admits explicit nontrivial Aao deformations for all min ≥2 .

⇒ cannot give a purely algebraic
proof of Mak & Smith's result

To prove this , we need some algebraic tools , since the smallest
candidate is already too large for naive computation . dim KE = 47

HH}, = 1-12 / . _ . → Ci, - CÉ, → C?, - .. _ )
IT Hom (

"

A
☒I
, A)
2-j

j≥0
#

i-2

dim
.
(47)
I-11



Algebraic description of Kmn via quivers with relations

Props (B-Wang) Kmn ≈ IKQ in / Ini where kmn is Koszul , generated in degree I

• Qmn is the double quiver associated to a bipartite graph Tni vertices deg. 0 are diagrams
arrows deg . 1 are diagrams

• Ini is generated by quadratic relations
◦ monomial relations

◦ relations at vertices

◦ commutativity relations across all squares



QI
height

E± KE dimkki-47KE-IKQEIIEt.tt 4

Examples of relations %

• a

"

commutativity relation
" it ① t

3

*
= = = .W.

%
① ④ ① ④ ⑦ ④ It HH

% 2
• a monomial relation

rut
☒4=0 ,

I
1

v⑦

0

Bruhat order height (d) = I # '̂s leftofv
weight red



I Hochschild cohomology

Let A = ④ Ak be any graded algebra with an additional Adams
KEI

grading , i.e. Ak = ⊕ Ake
ee2

.

Then Horn & ☒ and the Hochschild complex are bigraded

CPg(A.A) = ◦

Horn (A i. A) Pq
"

(U☒V)Pq := ⊕ ☒ Ujijii.je7L

d : Cf- Cpg
"

Horn (UN); : = Homfuj. . V51;-)



A- ⊕ A
"

graded vector space
assign aeltkbidegree KEI

assign aeltkbidegree
(at) / (kik)

associative structures on A Hoo structures on A

associativity Aao relations
↓

I
↓

I

{µetCq4A , A) satisfying [µµ]=O} { MEITCZQCA . A) satisfying [µ ,µ]=0}
g - g 8-

!%HomfA☒i, A)
2-i Gerstenhaber =Hom(A 8+2,17%8
8 bracket

=Hom(A☒?A)°q since His trivially graded
since A- is trivially graded w.r.li

.
total degree

w.it
. first

"differential
"

grading

µ(a. b) = [ µq(a,b) arity -2 arity+degree µq→:A☒8 - A
8
I

=3
↑ of degree 2-g
miqgraded components of multiplication



Thin . (Keller 2003) If A is a Kostal algebra , then

C:( A. A) = c:(A ! , A
!
)

~ A
!
= Ext:( IKQo.lkQo)

in the homotopy category of Boo algebras

In particular, HHPQCA , A) ≈ HHPQCA ! , A!).

Write Kinn := (Kmt)
!
≈ IKQ-ni-Im.tl (Ini)

>
linear dual of Imh w.r.t.fi) : IKQ ✗ IKE- K

S
opposite quiver (ai - -- an , b-n" - bi) = Sa, , b.

' - - San
, bn

Assigning
~ grading counting

• arrows in Qin bidegree ( 1 , - 1) clockwise cups/caps

• arrows in Qin bidegree (◦ path length

Keller 's theorem gives an isomorphism HHjckmh.km7-HHPqfkmn.FM ) .



HI Main results : Hoo deformations of Kmh

Thy (B -Wang) For any m, n ≥2 we have dim HH22mn-6 ( kin , Kni) = I

lde-aof.pro# Use Keller 's isomorphism HH}mn-olkrhn.kmhj-HHZmn-ofkmn.FM )

Encode the relations of the Kostal dual Kinh ≈ KOI is / Ini into a reduction system -12in

satisfying the diamondwndition for Ini .
use Kazhdan - Lusztig polynomials

~
systematic method of deformingto show this
relations

1-11-14Kin , Rmn { first order deformations of Rinn} /~

[B-Wang]
"

Deformations of path algebras of quivers with relations
"

HHZmn.gl Kinh , Kinh ) ≈
"- dim

. space/ 10-dim. space

Cy Kni admits an explicit nontrivial too structure with { mi
= 0 for 2< i< 2mn-4

M2mn-4 =/ 0



for.(B-Wang) ki admits a unique nontrivial Aodeformationwithm.ro tf / if
m, =D

mz= original ffmultiplication
my -1-0

- totThis too deformation can be described as follows:

%
tht ¥0 .̂̂ . Ott HH
④

⑦
-

" ^ "

_

. %

nv④ n④
,
Iaegm-weak.ngu.ua#surgery rule v④

* %/ - t # =
'M

^→ / & . tut



Further interpretation & applications

The explicit Aao deformations of Kmn give explicit
Aao deformations of the Fukaya-Seidel category Eskin)
studied by Mak & Smith,

? ? ?

representation
theory

↑ 7)
Aao deformations

Flier theory of a (partial)of Kmh symplectic compactification
knot/ link

£

geometry of Hilb↑Am+n,)'D
new link

invariants ? homology e.g. HIIBTAm.im) ?

cf. Seidel 's ICM 2002 address

deformation (partial) compactification


