The definable Subcafegor/ induced 6/ o [arge canonical module

Tsutomu Nakamura (Univ. of Tokyo)

FD seminar (Feb 10, 2032)

§1. Nofafion and Tferminology
§2. Basics from commulative ring Theory
§3. Larae CM modules and /arge canonical modules

§4. Large CM approximations
85 A Govorov-Lazard type resull for large CM modules

§6. Lar‘ye canonical modules as cofilf;n(y oLjecfs



§1. Notation and Termino/og)z
A: a finj

Mod A : The cafegory of right A-modules
mod A : '/'inifeb' ,oresenfec( r"y/;f A-modules

- A monomorphism M—> N in ModA is pure if the induced marphism
M®L—>N®,L is monic for oll L€ ModA”.

- A full SubcaTegory X € Mod A is definable if it is closed under direct limits,

direct products, and pure submodules .

* MeMod A is pure-injeclive if any pure monomorphism M—N SP/ifs.



A : an abelian caTegory X< A:atull Subcafegory closed under
isomorphisms

“ A morphism f:X—Min A is an X -precover it Xe€X and
HomA(X:f) is SurjecTiVe for oll Xe X.

* A morphism F:X—Min A is an X-cover if it is an X-precover
end any h€ Endy(X) with feh=F is an isomorphism .

* A morphism § - M—>X in A is an X-(preyenvelope if g is
an X-(pre)Cover in A



8 = A: a full SubCa'fegor/y

et ::{MGJ‘” Ext,;(C,M):O'VCG&} ‘L'(f ;= {Me}H Ext;(H,C ):O'VC e&}

J->o€ - {MeA l Exti(M’C )ZO'Vceglvi >0}

X, ;‘j < A full Subcafegoh‘es
* (X,Y) is a colorsion pair if X"=% and *Y =X .

* A cotorsion pair (X,Y) is complete if for "Me A,

0> Y>> X—M—0:ex., 70>M—>Y = X'—0 :ex.
m m m m
Yy X J X 4



* A coforsion pair (x.Y) is perfect if every Me A has an X-cover
X—M and a J-envelope M —>Y.

( If A has enough projecfives and enough injecfives,)

then any perfect coforsion pair in A is complefe.

* A coforsion pair (X,J) is hereditary if Extly(X,Y)=0 for all
XeX, YeYy,and (>0.

When A has enouyh PFOJGCTI'I/GS, a colorsion pair (X,j) IS /:erea/ifak)'
iff Xis reSo/l/in(y, e, () ProJ'A s X, (i) Xis el und. exf., and

(iii) 0Xs—=X2a—>X, 20 :ex = Xs€ X .
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§2. Basics from ComMuTa'five ring ﬂ:eory

(R,m, k) : a comm. noeth. local ring
Me ModR  depthy M= inf {i | Exti(k.M)#0} (inf § = c0)

* Xzx,..,x: (x;eR) is M-regu/ar it ) M/,...x;.0 M ﬁ;l"]/{x.,...,x,-_.)ﬂ
[<% <( and

(X is weak M-requlor if (1) is salistied ) (@) G, x)MEM.
Fact 0#MemodR = depthgM = max{i | 2x=x,  x: : N-regular}

/-’ MOJR_;MOJR
M —> {xeM| *nso st. #-x = 0}



Rlw : D(R)— D(R) D(R):=D(Mod R)

Hy = H'RE,

i th IOCAI Co/mmo’nay funcfor-
XeDR) infX:zinf{il H'Xx#0}

Foct  depthg M= inf RBM < dim R, "MeMad R

+ MemadR is maximal CM if depthgMzdimR.

( Cohen -Mncoulay )



Ris a CHM local rin(j if il is maximal CM as an R-madule.

* A cononical module of R is a maximal CM module wy s.t. inj. dimg Wy <0
and Exté (k,wg) =k, where d:=dimR .

Fact MemodR is a canonical module if and ony if M is o dualizing complex
for R, i.e., RHomg(=,M) induces oan equivalence D,;(R)”éDé(R).

Rem ?A canonical module of R g? R:cH.

If a canonical module exisls, it is unique up fo isomorphism.



R : comm. noeth. ring

* MemodR is maximal CH if depthg Mw Z dim Rm. for all max;mal ideals m
of R.
* Ris a CM ring if it is maximal CM as an R-module.

* wemodR is a canonical module of R if w, is a canonical module of
Rm for all maximal ideals m of R.

CMR :={ maximal CH R-modules }

Foct 2w : o canonical modu/_e of R
=> CMR = {MemodR| Exta(M, w)=0"i >0}



Rm R-' CM & Rf : CHM VféSPecR

RJ’ ‘CM <=>/R} CHM & f{} has a canonical module Wi) _

(’@::/\?Rf /\’==j_ir_n(—®RR/J”‘))

nzi|

Fact (Rom, k):CM d=dimp

Wg & Homg (HA(®), Eelk))
loca | dua/ib
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§3 Large CM modules and [arge canonical modules
R: a comm. noeth. ring
Def We call MeModR Jorge CM if depthy,My 2dim Ry for allp €Spec R.
LCMR :={large CM R-modules}
Prop LCM R is a definable subcafegory of Mod R.

Rem (modR) N (LCMR) = CMR.

I



Def R:CM

We caoll Cr:=Twg a large canonical module of R.
f€$pg¢'k

Lem R:CM
1) LCMR={MeModR | Extg(M, cr) =0, (>0}

(2) CR IS Fure-injecfive.
(3) CqelCHR.

Def R:CM
An R- algebra A is called an R-order if A is maximal CH as an R-module.

R —P>A Mod A —fi) Mod R
Z(A)
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Cor A: oan R-arder, LCHA:={MeModA [ f(m)elLCMR}
Ca = Homg (A, Cr)

1) LCMA={MeModR| Extj(M,C) =0, (>0}
(2) Cqp is Fure-inJ'ecfive.
(3) CA GLC” A.

We coll Cp a /arge canonical module of the R-order A .

(FlatA<LCMA)
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§4 Large CM opproximations

Thml (N) R:a CM ring, A: an R-order

(LCMA, (LCMAY") is o perfect hereditary cotorsion pair in Mod A.
(complete )

Froof. & := {CA}‘_ Then LCMA = "€ by The corollary above.
APP} fhe fheorem below. O

Thm (Eklof and Trlifsj, 2000 ; Gaebel and Trlifa; ,2012)

A:a ring € : a class of pure—injecfive modules

= ( ¢ , (7)) s aperfecf hereo/ifar/ coforsion pait.

14



Def (R.m) : comm. noeth. local ting d:=dim R (xiem , dimR/x.,..xs)=0 )
An R-module M is big CHM if there exisls a s,ysfem of paramefers X =x...,xd of R
st. A is /"I—reﬁular- (Hochster, [975)

bolanced big CH if every syslem of paramelers of R is M-regular,
(Sharp, 1981)
weak balanced bi3 cn if evety S)'sfem of /Daramefers of R is
weak M-reju/ar. (Holm , 2017)

0
™
bbCHM R :={ balanced big CHt R-modules } G whbCH R :={weak balanced biy CH R-modules }
Ut Ut
CMR\ {0} CMR
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Rgm In 3enera’, wbbCM R € LCMR.
The e(iua./if/ holds if R is CH, but this is net @ necessaty condifion.

By this remark and Thml, we have fthe perfecl hereditary cofotsion pair
(whsCM R, (whbcMR)") = (LCM R, (LcMR)™)

whenever R is o CH local ring. So Thm 1 recovets and generalizes:

Thm (Holm,2017) R:a CM local ring with a canonical madule

(wbbCMR, (wbbcMR)") is a perecT heredifaty coforsion pair.

/6



Def R :CHM local, R'f"/\-' an R-order
BbCMA := [ MeMsdA | #(M)ebbCMR}

A balanced bia CM cover of MeModA is a (b6CMA)-cover.

(precovet) (precover)

Def R:CM, A:an R-order
A /ar{?e CM cover of MeMod A is an (LCM A)-cover.
(precover) (precover)
A /arﬂe CM alpproximaf)'on of NEMoo{A 1S an eXacf S‘e?uence
0->-N—/ —sM—0 .

ml [\
(LCMA)" (LCMA)
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Cor2 (R,m):CM, A:R-order , 0+ N € ModA
Let f:M— N be an LCM cover of N, which exisls by Thml.

(1) N#mN D Ff is o BCH cover.

QD N2 RN > and M=H.

(3) N = HrN) and M= HM(M) . Ha* () := H° LA™
0th |acal /Iﬂmo/ogf 'Funcfal-

Rem (2) Jeneralizes a resul t of Simon (2009) where A=R.

(1) Holm (2017) where A=R and BWR.
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§5 A Govorov-Lazard Type resull for /arJe CM modules

Thm3 (N) R:aCHm ring with a canonical module @ , dimR< oo
RL?A : an R-arder, CMA:={MemadR | £ M)eCMR} ={maximal CH A-modules }

A riJ/\f A-module is /arJe CHM iff it is a direct limil of maximal CM A-madules.
Conseyuenﬂ)«, LCMA is the smallest definable subcalegory Confam'nj CMA .

Rem If A=R and Rislocal, Thm3 is essenTiaI} due o Holm (2017).

lim projA = Flat A S lim CHA = LCM A £ lin mod A = Mod A
The equality holds iff R is atlinian.
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Def R :CM, A:anR-order

A is non-singular if JI-Jim Aw,=dim Rm, For all moximal ideals m of R.
A is Gorensfein if Ca is flat (and cotorsion).

Rem A is an Gorenstein R-olgebra in the sense of Gofo = Nishida (2002)
iff A is & Gorensfein R-order in our sense.

When R has a canonical module, A is a Gorenslein R-order in fhe sense of

I)rama"Wem):ss (2014) iff A is o Gorensfein R-order in our sense.
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Thm4 (N) R:aCHM ring with @ canonical module w , dim R< 0o
A : an R-arder

A: non-Sinjular > (LCHA, (LcnA)") = (F/aTA, CotA)

” known
v

A : Gorenslein & (LCHMA, (LcnA)") = (GFlaTA, (GF'Q"'A)-L')

Bgm_ If A=R and R s /oca/, Thm4 s essenfiall/ due 1o Holm (2017).
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Skefch PYOo'F of Thm3 and Thm ¢

Let Wy "=Homk(A,w,g). Reduce the proo‘f fo fhe f'r:’viq/ exfension AKWA,
which s a Gorenslein R-order.

If A is Gorenslein ,  FProd (Ca) = Bod ( T ﬂ}) = Prod (n—H""‘k(IA“'(P),Ek(B’MR))'
yeS"eeR q\ resrecA
so that trofca} = GFlatT A by Kanola-N (2021)
3
The rest argumenf is Similar (SP€CA-2-> {ino(ec.inj. A°'-moolule$}é>
fo Holm's approrch. P ——— Ler(p)

O
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Ex (R,m): resular, dimR = |

I A= [2 :] is non-singu/ar.

Q) A= [P\ 4:/] is Gorenstein.
R

(3) A: [R 0] IS r)()]l Gorens'f‘ein.

R R

Q = R(o)
FlatA # [Q R] € bbCMA < LCMA
(pure-inj. if R=R)

23



§6. Lar‘ge canonica| modules as cofilfin(y objecfs
Thm (Hrbek -N - Sfvizek ,2022) R :CM

Cr is a cofi/fmj objecf in D(R) in the sense of Psaroudakis-Vitoria
(2018)

If dimR<oo, then Cr is a coh/f;nJ module in the sense of
Ange/eh' Higel - Coelho (2001)

Rem In the above theorem, Cr and D(R) can be replaced by Ca and D(A) for
an R —order.
We have inj.dimgCp =dimR and inj.dimACA=aﬁ'm/§/MnRA.
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