
 

LATTICES AND THICK SUBCATEGORIES

jt with g Stevenson

in progress



k field

Example 1 Q D

o kQ Ktx

We can classify
all finitely generated Ktx modules

all thick subcategories of
T Db mod Kix



T essentially small

triangulated category

Def A subcategory LET is thick

if L is a triangulated subcategory
closed under summauds

Thick T thick subcategories oft



Thick T thick subcategories oft
is a lattice under inclusion

t
poset L with

joins ta b ELaub
1 I arb mind cel lase bee

9 b
meets t a b EL

and I arb marcel Cea Ceb

For A B E Thicke T

AA B AMB

A V B thick A B



Back to

Example 1 Q D

o kQ Ktx T Db Utsa

Theorem EHopkins Neenan

Thick t I
specialisation closed
subsets of
spec ktx



T Db Utsa

Theorem EHopkins Neenan

Thick t I
specialisation closed
subsets of
spec ktx

In particular F topological space X

and a lattice isomorphism

Thick T I G X U EX U open



D

o In Example 1 Thick subcategories
are controlled by a space

This is atypical in the world

of representation theory



Example 2 Take the universal cover

of 2

Q s s

mod k Q I
gr ktx

Z graded 1 1 1

T DbCwodkQ

o Thick T



Q s s

T D CK Q

Theorem EG Stevenson

Thick T I NC Z V L X

Enon crossing partitions

h linearly ordered set

P Bil ie I partition of h 11 Bi
LEI

P is non crossing if x y E Bi u u E Bj
with x cue you Bi Bj



Q s s

T Db Cle Q
Idea

arcs
E orbits of as

indec in T Z

i
touching arcs

Aes in t

Thick T mm saturated sets of arcs

I
ne partitions



The lattice

Thick Db Cle s 1 I NC Z H L X

is of a very different flavour
than the lattice

Thick KD I G X

In particular it is not of the form
x for any space X

How can we see that



Let's analyse 0 X for X a space
This is a lattice under E with

A A and V U

If U V W E G X then

un vow un u unw

Def Let L be a lattice We

say that L is distributive if
t l m n E L

e n m un env v Clan



Key observation

Thick UQ is not distributive

consider the non split short exact

sequence
O Sz M Sz O

in mod UQ

Q a 2 3 4 s s

A



O Sz M Sz O

M S Sz these are all exceptional
A thick M B thick Si Bz thick se

A N BVB An thick S Sz A

CAN B V CANBe O V O O

Thick Db UQ G X for

any space X



1 For a lattice L to satisfy
L E G X

we need L to be distributive

But This is not enough

We need an infinite analogue

U Ivi lie I open subspaces of X
U n Ye Vi Ef unvi



Def A lattice L is a frame if

for all l Emilie I in L we have

e n Ye mi Yet lami

2 For a lattice L to satisfy
L E G X

we need L to be a frame

But This is still not enough



Def A frame L is called spatial
if there exists a space X such

that
L E G X

Duh

One can describe this in terms of

points of a lattice



To summarize

governed
spatial frame am by a

H space

frame
H

distributive lattice



Question When is Thick t a spatial
frame for an essentially small

triangulated category T

Them EG Stevenson

Thick T is a spatial frame

I
Thick T is distributive



Corollary If for all L M N E Theidect

L n thick M N thick LAM LAN

then there exists an up to isomorphism

unique sober space X such that

Thick T I G X



Note This does not help us with

things like

L Thick U Z
which is not distributive

Trailer We can universally approximate
L by a space

no upcoming preprint



Coherent frame
H

Spatial frame
Hr

frame
A

distributive lattice

H

modular lattice



Back to

Example 1 Q D

o kQ Ktx T Db Utsa

Theorem EHopkins Neenan

specialisation closed
Thick T I subsets of

spec ktx

I G X

this is almost

spec ktx



If R is a commutative ring then

Speck is a very nice space

C1 It is quasi compact
C2 Every irreducible closed subset

has a unique generic point
sober

C3 It has a basis of quasi compact
open subsets closed under finite

intersections

A topological space satisfying CI C3

is called coherent or spectral



Them T Hodester

If X is coherent then there exists

a commutative ing R sad that

X E Speck

Q If Thick T IG X i e if Thiele t

is distributive

how nice is the space X

when is X coherent



Let t be an essentially small triangulated
category s t Thicket is distributive

Let X be s t Thick T I GLX

Lemma Every irreducible closed subset

of X has a unique generic
point
X has a basis of

quasi compact open subsets

mo promising



Lemma C2 Every irreducible closed subset

of X has a unique generic point
3 part I X has a basis of
quasi compact open subsets

For X to be coherent we'd additionally
need a C1 X is quasi compact

2 C 3 part II the intersection of two

quasi compat open subsets

is quasi compact
Do we always have I 2



1 C1 X is quasi compact
Do we always have I No

Example T Debtors modleix

XE D modern H X is f d

Thick T s Thick Db mod Ktx

Tstibative
Thick CT distributive

Thicket is a spatial frame



T consists of tubes labelled by closed pts
of A

no Thich t I 0 Thick k x

LEA y
T is not finitely generated i e

there exists no get such that

thick g T T is not fine pres

X is not quasi compact

so Thich T I X X coherent



2 C 3 part II the intersection of two

quasi compact open subsets

is quasi compact

Do we always have 2

We don't know

Probably NO



Coherent frame am
governed
by a coherent

spaceH

Spatial frame
Hr

frame
A

distributive lattice

H

modular lattice



Motivating example R wing

M R module

sub m lattice of submodule of M
A M V t

Casually not distr

Example M 21 221 021 221

it A lo 0,1 1,1

ell n a o can naco i
OH



But Sub M is always modular

Def A lattice L is modular if
t e u u E L with e e n

lv man even A n

I A B C E Sub M A E C

A Bnc A B A C T



L distributive L modular

Question Is Thick T always modular

No

Example E Z discrete cluster

category IIgusa Todorov ZE S discrete

with a accumulation points
indec objects arcs

morphisms
Y

S p g
X Y

I



e z has a Aed structure encoded

in the combinatorial picture
Then IG Zvonareva

Thich EEZ I NNC Eu

NNC Eu ne partitions of subposets
of 21 on

P Bili EI E P Bj'ljE7
tieIFjET Bil Bj



224233

Example NNC 23 1113,223

213 223

0

NNC 547 is not modular

l 1,23 I n 1,23 3,433
we 2,33 11,43

IV wenn l v I L2 33,2433 41,23233,193

Vue An 11,2 3,43 An 11,23 3,433


