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Conventions and notation

n = positive integer

k = algebraically closed field

All algebras are algebras over k

D(—) = Hom(—, k)

A and B = ungraded algebras

A = positively graded algebra

mod A = finitely presented right A-modules

N AEWDN-R=

gr A = finitely presented graded right A-modules
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n-hereditary algebras

Let A be a finite dimensional algebra with gl.dim A < n.

Nakayama functor
v = DRHomu(—, A): D?(mod A) — DP(mod A)
v~ = RHom (DA, —): D?(mod A) =+ DP(mod A)

We use the notation v, = v o [—n].

Auslander-Reiten translation
For n =1, we have 7~ H%u;): mod A — mod A

Higher Auslander-Reiten translation
7o = H%(1,): mod A — mod A
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n-hereditary algebras

Classical case (n = 1)
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n-hereditary algebras

Let A be a finite dimensional algebra with gl.dim A < n.
Definition
1. Ais called n-representation finite if there for each indecomposable
P € proj A exists an integer i > 0 such that v, ' P is indecomposable
injective.
2. Ais called n-representation infinite if H' (v, A) = 0 for i £ 0 and j > 0.
3. Ais called n-hereditary if it is either n-representation finite or
n-representation infinite.

In this talk:
All n-hereditary algebras are assumed to be basic.
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n-hereditary algebras

Classes of examples of n-representation finite algebras

1. Higher type A algebras [lyama-Oppermann "11]

2. Tensor products of .-homogeneous higher representation finite algebras
[Herschend-lyama "11]

3. Nakayama algebras with homogeneous relations [Darp6-lyama ‘20,
Vaso '19]
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n-hereditary algebras

Classes of examples of n-representation infinite algebras

1. Higher type A algebras [Herschend-lyama-Oppermann '14]

2. Tensor products of higher representation-infinite algebras
[Herschend-lyama-Oppermann "14]
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n-hereditary algebras

Higher preprojective algebras
Given an n-hereditary algebra A, the (n + 1)-preprojective algebra of A s given
by

Mp1A = @ Hompe (A, v, ' A).
i>0
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Koszul algebras

A graded algebra A = @;>o/; which is generated in degrees 0 and 1 with Ag
semisimple is known as a Koszul algebra if

Extg, A(Ao, Ao{j)) = 0

fori #j.

@ NTNU | séancandrecimnons

1



Koszul algebras

A graded algebra A = @;>o/; which is generated in degrees 0 and 1 with Ag
semisimple is known as a Koszul algebra if

Extg, A(Ao, Ao{j)) = 0

for i # j. M<J>L - HLJ

@ NTNU | séancandrecimnons

1



Koszul algebras

A graded algebra A = @;>o/; which is generated in degrees 0 and 1 with Ag
semisimple is known as a Koszul algebra if

Extla(Ao. Ao(j)) =0
fori #j. M<J>L - HLIJ

The Koszul dual of A is defined as

N = @B Extl, A(Ao, Ao i)

i>0
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Koszul duality

Let A be a Koszul algebra and A' its Koszul dual. Given certain finiteness

conditions, we have
Db(gr \) = DP(gr \Y).

Aim
Generalize the notion of Koszul algebras and get a higher version of the Koszul
duality equivalence above.
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Trivial extensions

Let A be a finite dimensional algebra. The trivial extension of A is
AA=Ad DA

with multiplication (a, f) - (b,g) = (ab,ag + fb) for a,b € Aand f, g € DA.

AA can be graded with Ain degree 0 and DA in degree 1.
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Graded symmetric algebras

A finite dimensional algebra A = &;>o/; is graded symmetric if DA ~ \(—a) as
graded A-bimodules for some integer a.

Note
1. Any graded symmetric algebra is self-injective.
2. The integer a must be equal to the highest degree of A.
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Graded symmetric algebras

A finite dimensional algebra A = &;>o/; is graded symmetric if DA ~ \(—a) as
graded A-bimodules for some integer a.

Note

1. Any graded symmetric algebra is self-injective.
2. The integer a must be equal to the highest degree of A.
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Motivation

Finiteness condition
The category gr A is abelian if and only if A is graded right coherent, i.e. if every

finitely generated homogeneous right ideal is finitely presented.

Some known equivalences
Let A be an n-representation infinite algebra with M,,1A graded right
coherent. We then have

gr AA =~ D(mod A) ~ D?(qgr My41A).
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Koszul duality and the BGG-correspondence

Let A be a Koszul algebra which is graded symmetric. We have

Db(gr N) = Db(gr /\!)

oo
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Koszul duality and the BGG-correspondence

Let A be a Koszul algebra which is graded symmetric. We have
D(ar A) fg/;’;;;;;;j;?\\\-—/}<l>sz;uJL cﬁﬁAlxl't7/

Motivating question

Is the equivalence gr AA ~ DP(qgr N, 1A) a consequence of some higher
Koszul duality?
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Generalized Koszul algebras

Tilting modules
Let A be a finite dimensional algebra. A finitely generated A-module T is called
a tilting module if the following conditions hold:

1. projdimy T < oo;

2. Exty(T,T)=0fori>0;

3. There is an exact sequence

t

0AT' ST o .. 5 TS0

with T" € add T fori=0,...,t.
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Generalized Koszul algebras

Let A = ®;>0/\; be a positively graded algebra.

Let T be a finitely generated basic graded A-module concentrated in de-
gree 0. We say that T is graded n-self-orthogonal if

Ext, a(T, T(j)) =0

for i # nj.
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Generalized Koszul algebras

Assume gl.dimAg < oo and let T be a graded A-module concentrated in
degree 0. We say that A is n-T-Koszul or n-Koszul with respect to T if the
following conditions hold:

1. T is atilting Ap-module.

2. T is graded n-self-orthogonal as a A-module.
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Generalized Koszul algebras

Assume gl.dimAg < oo and let T be a graded A-module concentrated in
degree 0. We say that A is n-T-Koszul or n-Koszul with respect to T if the
following conditions hold:

1. T is atilting Ap-module.
2. T is graded n-self-orthogonal as a A-module.

Let A be an n-T-Koszul algebra. The n-T-Koszul dual of A is given by
N = @0 EXt@IA(T, T(i)).

. J
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Generalized Koszul algebras

Example
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Generalized Koszul algebras
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Example
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Generalized Koszul algebras
1=, infin
| &_/) 2 A/\:A@DA
Ched: Exjc;AA(A,A<J>>= 0 w{dw Lt
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Generalized Koszul algebras

Let A be an n-representation infinite algebra. The following statements
hold:

1. The trivial extension AA is (n + 1)-Koszul with respect to A.

2. We have (AA)' ~M,,1A as graded algebras.
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Higher Koszul duality

Let A be a finite dimensional n-T-Koszul algebra and assume that A' is
graded right coherent and has finite global dimension. Then there is an
equivalence

Db(gr N) = Db(gr /\!)

of triangulated categories.
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Higher Koszul duality and BGG-correspondence

In the case where our algebra A is graded symmetric, the higher
Koszul duality equivalence descends to yield an analogue of the BGG-

correspondence
Db(grA) —— D(grA)
Y
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Back to our motivating question

Corollary

Let A be an n-representation infinite algebra with M,,;A graded right
coherent. We then have:

DP(gr AA) —— DP(grN,,1A)

| !

grAA ---=--» D"(qgrMp41A)

In particular, this holds whenever an n-representation infinite algebra A is
n-representation tame as defined in [Herschend-lyama-Oppermann "14].
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A characterization

Tilting object
Let 7 be a triangulated category. An object T in T is a tilting object if the
following conditions hold:

1. Hom7(T, T[i]) =0fori#0;
2. Thickr(T) =T.
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A characterization

Notation and standing assumptions

1. A = graded symmetric algebra of highest degree a > 1
2. gl.dim/Ay < ©
3. T € grA satisfies:
i) Tis basic
ii) T is concentrated in degree 0
iii) T is a tilting module over Ag

4. T=@i QT
5. B = Endg(T)
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A characterization

Notation and standing assumptions

1. A = graded symmetric algebra of highest degree a > 1
2. gl.dim/Ay < ©
3. T € grA satisfies:
i) Tis basic
ii) T is concentrated in degree 0
iii) T is a tilting module over Ag

4. T=@3Q"T({i) —~—r-— o=1
5. B = Endg(T)

T

T
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A characterization

The following statements are equivalent:
1. Ais n-T-Koszul.
2. T is atilting object in grA and Bis (na — 1)-representation infinite.
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A characterization

The following statements are equivalent:
1. Ais n-T-Koszul.
2. T is atilting object in grA and Bis (na — 1)-representation infinite.

Afinite dimensional algebra Ais n-representation infinite if and only if AA
is (n + 1)-Koszul with respect to A.
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A characterization
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A characterization

The following statements are equivalent:
1. Ais n-T-Koszul.
2. T is atilting object in grA and Bis (na — 1)-representation infinite.

Afinite dimensional algebra Ais n-representation infinite if and only if AA
is (n + 1)-Koszul with respect to A.
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A characterization

Corollary

There is a bijective correspondence

. . isomorphism classes of graded symmetric
isomorphism classes L , ;

. _, ) finite dimensional algebras of highest
of n-representation ;= . .
oo degree 1 which are (n + 1)-Koszul with
infinite algebras

respect to their degree 0 part
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A characterization

Corollary

There is a bijective correspondence

isomorphism classes of graded symmetric
finite dimensional algebras of highest
degree 1 which are (n + 1)-Koszul with
respect to their degree 0 part

—
=

of n-representation

isomorphism classes
infinite algebras

A———> AA
S — A
/\
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