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Main Questions :

• What is the value of the finitetic dimension?
- Can it be •pinned down " by basic invariants?

By basic . mean : structural invariant of rings ,
essentially computable
( maybe by software .

- -)



Setup : A is a two - sided Noetherian ring ,
e.g. an Artin algebra .

findim 11 : = sup { palm 1 ME mod11 , palm <A}
t f.g. right modules

Fin dim 11 : = sap { palm 1 ME Moda , polka}
tall right modules

These are the little and big finite tie dimensions .

Use fin dim lit . Fin dim AP , . . . for left version .



Examples of basic invariants

. grade M := inf { is o 1 Ext:(M , A) =/ o}

• depth A := Sgp grades , over all simples s
in mod A

.

For kin
,
K) a local commutative noetk . ring , then

depth R = iuf { is-o-L-tick.tl) to }
recovers the usual notion .



In general , we have an inequality

depth A E findim lip [Toms .

-60:]

We may have

depth 11K fin dim NP [Hvisgen
- Zimmermann

,

Ringel ]
Exam,¥aÑyama algebras due to Ringel
w/ depth 11=2 , bindim lit= n 22 arbitrary .



However
,

sometimes the depth does capture
the finite lie dimension . -

-

Ex . 1 Commutative noetherian rings R

depth R = fin dim R [Auslander
-

Buchsbaum]
r

CR not necessarilylocal.ba#reducestodogfse
.

)



Anything non-commutative?

Ex
.
: 2 Rings of finitistic dimension zero .

Tkm (Bass , - Go:) . Let 11 be two- sided north .

Then depth 11=0⇐ fin dim 117--0 .

So depth A = finch
-ma works in

dimension Zero
.



The depth is not a bad starting point.

Rephrase Bass's Theorem :

depth 11=0 ⇒ Hom G.A) to V5
simple

⇒SI>da its
simple

⇐ s is a syzygy itssimple



Syzygies : sub modules of projective .

M → IM i= Ken CP→M)
,
P projective

Shimoda→ mold
← module category modulo projectiles

Bass's Thm : findim 11"= ☐ ←→ every simple
5 C- mod 11

is a syzygy .



Let's look at other examples -

Def " : N is Iwauaga- Gorevstein if

inj dim
A < x

and injdim AT < ✗ .

(In this case injdim
A = inj chin A

" )
by Zaks .



Ex . : 3 Iwana ga
- Greenstein rings

Tkm (Iwanaga) : In this case

findimA= findime iujdim 11 .

Can we relate Iwauaga's and Bass's Theorems ?

Thm (BuckWeitz) : Let 11 be Iwanaga- Gorenstein

of dimension d .

Then V-MC-modA.si Me is an
"

re -syzygy
"

i.e. F N
, ,Na, . . - , admin ad

"

N
,
←sit% = . .

.



In particular , looking at simples 5
we can find a syzygy module D-Ns "

further
"

s ans

rs sans
: i.

Can find
syzygyads ~_ add"NS

g- at
•higher level

"



Aim : Turn this into an invariant,

try to compute finitistio dimension with it .

Language : If MEAN is a syzygy , [ analogywith
we say that M can be "blooped

"

.

'

topology .

every simple 5Bass : fiudim A"= 0 ⇐ can be delooped .

Buckweitz : 11 Iwanaga - Gorastein ⇒ every simple 5
can

"eventually " be dalooped .



Def" : The delooping level of a module M c-mold

is dell M := inf { i> 01 sin ÉsÉ"N for some v3
[ direct summand

,

needed fortechnical
reasons

.

Defa : The delooping level of A is

della := sup dells ,
S simple in moda .

s



Facts : . dell 11=0 ⇐ 5 is a syzygy HS

• della ← n ⇒Is E-stir its

• A Iwanaga - Greenstein
"

della = ing dimA.

Prop . : We leave inequalities
depth AIM

"

fin din lip 2- della .

If 11 is an Artin algebra , then

depth A £ findim lies FindimAPI della . ☐



So depth 11 and dell 11 serve to bound

the values of fi- din Ñ (resp . Fin dim .

Remark : Similar invariants due to

- Gordearl- Huisgen- Zimmermann ( repetition index )
- Cities ( syzygy quiver for

monomial
)algebras



Part#

Is della a
"basic invariant

"

of d ?
T computable ?

Answer : Yes
For any simples, →

Only test

need to find NC-m.dk the universal N
-

w/ sins ¥Ñ"N for some ns.o . (for each level )



Recall i 52 : mod A → mod A syzygy functor ,

Tr : mod A→ mod A" transpose , Tra = id.

Thin ( Auslander -Reitan
,
92) i

Thos a left adjoint given by £ :=TrrTr .

Pf : Use identity ltom-CM.NJ-tor.CN,TrM) .

Then Hom_ CEM , N)⇐ Tor.CN, strut
E Tor

,
CAN,TrM) EHona-CM.SN) .☐



For any ✗ c- mild , y; ✗ → SEEK✗ .

unit of adjunction
(E
"
,-2
"

)

Prop . . The following are equivalent for ME mod 11 :

atdell ME n .

(b) sin is a summand of si"N for some N.

(c) sin is a summand of si
"

E
"-"

sin .

(d) SIMÉSI
"

E
"-"

SIM is a split monomorphism .

☐



N : = 8^+152"M is a universal choice

for level n .

⇒ della is essentially computable
if finite .

For Artin algebras
,
111J contains all simples .

Neatly packaged :

della =inf{n" / silat) si"ÉEi*B
.is a split mouumorphism .



Past# : How can we study

sis -4 SEE"
-"

sis ?

Answer : Read the classics
!

Auslander-Bridges
"Stable module theory

"



(Ei , A) adjoint endo functors ⇒ 7- adjunctions 1£
".si ) then

For any ✗ c- used 11 , these fit into a

"

tower
"

✗ → so ✗ →ski✗→ Isis✗ → . . .

For ✗ =sin , want to study first Cnn > stages

sin → resin→ . -→ sisisim→si
-"

Eisen

ÉWant to know

if left invertible



Auslander -Bridges studied this tower

Camden the notation Di := SEE
"

)

Let ✗ -5 ✗
**

be the oral map ( (→E- Home- ,A) )
TX := Ker G-)

Fact : 3- commutative diagram

✗→ Xltx→ ✗
**

11 7 Is 7 Is

✗→six→oisix→ . .
-



So this tower is related to (higher ) reflexivity of ✗ .

We want ✗= sin → interested in (higher) reflexivity
of syzygy modules !

=
Auslander- Bridger studied this ,

introduced conditions

grade Exti LM.ME i it Kiku
← naturally a lit-module



Classical problem :

Are 2nd syzygy modules reflexive? (Reflexive - modules
are always 2nd syzygies

In general ,NI .

Auslander-Bridger :

sin is reflexive⇒ gradeExtol , /D2 1 .

slightly weaker than
the above condition at n=2



When SEM is reflexive , can ascend first two stages

sin -1s fire)**
11 7 IS

sin ⇒ sarin⇒ sister→siskin
gradeEdith,MEI
not strong enough

Want to go
three stages up . . .

to get up here .

( Analogous story for sin ,
all uzi )



Use this to study della !
Let 5 simple , js ⇐grades . Consider the condition

grade Ext
"
G
,
A) > is (*)

Main Theorem C-) : Lets c- mod 11 be simple with finite grade js .

If * holds , then there is an isomorphism

si's ÷"→ pis
-"

Eiistfziss
.

In particular , dells s grades . ☐



The Auslander-Bridge condition lets us

"

delap
"

simples Cat level -_ grade ) .

=

Here depth A = sgp grades
and della = sup dells

s

start to look similar
. .
.



Recall : depth A 1- fiudim 1T£ dell 11 .
+ Findiwiii. if Artin

Corollary Assume * holds V5 with finite grade .
Then depth 11 = fiudim IT= della .

1- FindimA" ifArtin

Pf : By Theorem dells ← grades ,
: della a- depth do .



Example : Let R be commutative Noetherian
,
G- Rlm simple .
IRan= grade 121mi

Then Exti (Ext¥121m ,
R)
,
R) = 0 for jcjtxm .

-

Rlm vector space

Consequence : depth R = fi-dim R = dell R

for all commutative rings
.

@Cal) : CR ,mk) with depth d⇒ Idk ^→£É%dk .

case a-



Example : Rings with depth zero .

depth 11=0 ⇐ grade 5--0 its

condition 1*7 is trivially true ( grades
*

zo)

⇒ depth A = fin dim A
"
= dell A f- a)

Bass's Theorem
"

depth 11=0⇐ fiudim iii.= or
"

is a limiting special case !





Past II : Beyond Auslander -Bridger .

Restrict to Artin algebras . . .

Have depth ✗ ⇐ findim 1M£ FindimAPE della .

- Auslander -Bridger condition on simples ⇒ all equalities .

- First inequality often strict otherwise .

- Second inequality sometimes strict ( Huiigen
-Zimmermann , Smale)

.

First finitist:c dimension conjecture



What about Fin dim A ± della ?

Equality here seems to hold surprisingly often ÷

Have Fiudim N'= della in following cases :
- Artin algebras with radical square zero .

- Nakayama algebras ( Ringel , Sen) .
- Small's counterexamples to first fiuitisf.ie dimension conjecture .
- Cohen-Macaulay Artin algebras ( in the sense of Auslander-Reitan)

.includes Iwanage- Gwenstein algebras



No counterexample known .

Open Question :

Does Finland"= della hold for all Artin?
algebras •



Thank
1

You .


