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F1GURE 1. The conjectured embeddings of cluster theories. The theories in the diagram are the ones presented.
The integers m, n, i, j are such that 1 < m <nand 1 < i < j. We make no further assumptions about m, n, 7, j.
The dashed arrows are the conjectured arrows. The solid arrows in the top diagram are from [R20+]. The
solid arrows in the bottom diagram are from [KMMR21+].



A Note on upcoming revisions to [R20+].
Job D. Rock

R will expand their work [R20+] to even more type A cluster theories.
In [R20+], the following cluster theories are included.

e I, (C(A,)) from [BMR406, CCS06]. The compatibility con-
dition IN,, is non-crossing diagonals on an (n + 3)-gon.

o In.(C(Ax)) from [HJ12]. The compatibility condition N, is
non-crossing diagonals on the oo-gon.

o In.(C(As)) from [BG18]. The compatibility condition Nxs is
non-crossing diagonals on the completed oo-gon.

o IN.(Cr) from [IT15a]. The compatibility condition Ng is non-
crossing geodesics on R-gon (the hyperbolic plane).

e J5(C(Ag)) from [IRT20+]. The compatibility condition E is
based on the Euler product of projective resolutions.

By (n,00)-gon we mean the circle with infinitely marked points and
n accumulation points. The accumulation points are not included in
the (n,00)-gon and all accumulation points are two-sided. By com-

pleted (n, 00)-gon, or (n,00)-gon, we mean the (n,00)-gon with the n
accumulation points. One may think of the co-gon as the (1, c0)-gon

and the completed co-gon as the (1, 0o)-gon.

In [KMMR21+], the authors describe a way to construct a cluster
theory starting with a category D that is triangulated equivalent to
D, from [IT15a]. The authors use a subcategory Z C D to construct
a category Cz C D. The compatibility condition is denoted T and is
based on tilting rectangles in Cz.

R will include the following cluster theories in the revised version of
[R20+].

® Ny (C(AN,, ..,)) from [IT15b]. The compatibility condition
N(n,00) is non-crossing diagonals on the (n,00)-gon. One may
think of N, as the special case where n = 1.

° ﬂNi)(C(AN )) from [PY21]. The compatibility condition

(n,00 (n,00)
N is non-crossing diagonals on the (n,00)-gon. One may
think of N as the special case where n = 1.

o Jr(Cz) from [KMMR21+]. The compatibility condition T is

based on tilting rectangles Cz.

Conjecture (R.). There exist commutative diagrams of embeddings of
cluster theories as in Figure 1.
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