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§ Contraction of rational carves

6 =/ c. , - - - Ct } a collection of rational

curves in a space Y .

A contraction of %

is a map f. = 'S → ✗
s.it

1) f- is an isom outside Uci
in

e) f maps Ñ fi to a point in ✗
i = 1

.

3) ✗ is a
" reasonable

"

space .

Qu-
1) when is & contractible ?

2) If his contract
- be what can we

say about singularity of ✗ ?



Def Let Y be a smooth quasi
- proj 3-told

€

A contraction is a birational proj morphism

f. Y → ✗ sit
E-+ 4) = exceptional

1) ✗ is normal fiber off

⇒ f- is an isom
.

in codin I

-5 is called a Epping it

3) Ky is f- trivial .

Rink if f is a flopping contraction then

isolated
- ✗ has

,
foreskin terminal singularities
( in dim } are hypersurface )
t

• f.+(f) = Uci is a tree of rational cures
i "

¥
with normal crossings¥



formal flopping contraction
=

PEX singularity

R=
p

= 6%9 . t.ir#g,
y ←§:=Y✗×Sformal contractionft tf
✗← Speak

↳ Deformation algebra

Ei
,

' - - Et C- coh 's is called a

semisimple collection if

Hom ti
,
E ;) = {

G i=j

o it j
E-= Ii I := Ena (E) = Ee , * - - - ☒ Get

i' I



DefÉ : dogArie → Gpd

€2→ B. family C-D@ "oooh 's)
non

Comm .

dg Artinian

negatively
graded .

[Efimov - hunts - Orlov]
7T¥ Let Ei

,

- - Et be a s - s collection

of cob . sheaves with compact support .

Then DÉFÉ is pro - represented by

J :=
'TeV ,

d)=
determine h
,

Ans - Str on V
.

V =IEx+t . E)

T : deformation alg of

=L
,

- - - It
.



properties of p
=

- J is negatively graded

• homological /g smooth

• if Y is Calabi-Yau ie . Wy E Oy

then f is a bimodnle CY alg .

ie
' RHun.pe/t.-e)--z-dimYp

Cluster category
=

C
,

= Pery [ Ainiot ]
Dfd T

- Home
,

/ f. f) =_ HOT

- Cp is zcy if interpreted appropriately



£+a_
if Ci

,

-
- C+ is a collection of rational

curves on y with normal crossings
then Oc

, ,

.
.
-

,
Dc
,

is semi - simple .

§ singularity category

R : complete local hypersurface ring
with isolated singularities

DSGCR) :=D%m°¥÷p singularity category

- [ Buchweitr ] D,g(B) = EMIR)

- [ Eisen bud] on D.gl/2)Ii-=td



- DsglR) is Hom
.

- finite
.

Cy

by isolated nets
.

Question
=

1) Utc : CY contractible
"

: 15 T def alg .

i= ' ? I Cp is Hom -finite

I & 2-periodic 7
a

2) singularity • 1- ✗ t.li ) is R determine

1 by +1°F ?
I

3) D= Otto tuk
13

'

) R
4) I

7- f^ : I→ 12 , .tl Dsg = Ep for

1 some cyalg T ?I a- Dci ? I
i=,

I

1

I



{Results on flopping contractions
'THI § : F → Spear flopping contraction .

T : deformation alg of c ,,
.
.

- Ct where
.

f-✗ § = Ñci
.

in

1) [Donovan -Wemyss ] dim HT (+ is
a

( we call such curves noncomm . rigid ! )

2) [de Thanhotter deviilcsey - Vandenbergh ]

Tep = Dsg(R)
,

Hon - finite

3) [Vdl}] T _~ ① CQ
,

w ) Ginzburg

alg of Quinn Q and we
^

Eia , Ea )
"

potential



Jacobi alg .

H°f=
4 Daw/ a c- Q , >

.W word

Paw = [ vu ① g) = ✗y +

yx

W= hav

we .tl/tocdQ) → Lint c- 1-4%(1-10.7)

[ VDB ] The right eq - class of [in]

is determined by the C 's structure on 7 .

DG classical

CYc.ly f - (HT
.

[is)
%
.
. . .
.
-

?



'

Thin [H - Zhou ]
Fix Q

,

w
,
w

'

c-

⇐I. ¢9,4
with

finite dimensional Jacobi algebras

T = DCQ.nl P'=D law ' )

Let 1-108 : Hot → tip
' be an

CEO, -7 alg is on
. s.t.CM#IwJ=fw ' ]

'Then
w is right equivalent to w

'

As a consequence ,

hit lifts to an isomorph .tn

J : T E p
'

.
as dg - algs



17b£ [ H - Keller]

B. R
'

complete local hypersurface rings
with isolated singularity of dim n

.

1-FAE

1) Dsgth = Dsg R
'

as I.graded dg - cats .

2) RI R
'

Rink DsgR also admits a 7h - day

enhancement
. It will become clear

why we need the I - graded one !



Mai#m_ IH- K]

Let § : i → Spear I
'

: I
'

- Speak
'

be d) flopping contractions

T
.

T
'

the associate deformation algs of

E-(F) and Eff ') Then 2) ⇒ 2)

1) 7- derive eg

too : DCHT) ⇒(HT)
sit 4) * Cw] = [w '] c- HHoCH°T

' )

e) R=~R=*
think Donovan - Wemyss conjecture that

thin holds without (8)



Sketch of pf
= ¥;• LVDB]

Let Li be ample line bundles on § sit

deg Li = bij
Cj

vi. = min } # of generator of tfcj.LI
'

) }
-1

→Ñ , I
⑦ ri

°→ Li y
→ o

universal

einen tension

Ni =f^*Ñi

A- End
,
/ R⑦N , -0 .

. d- Ne) is a NCCR

i. e. .gl din A- =]

- Ae CMR



RHm(Og④Ñ.
-0 . - Ñti )

: Dccohy^ ) Dcmod -A)
R④N .

-0 -
-

-9 R

dei

Ni

e- = ①e. + . +Get l= %
It ?⃝ of dint -11 s -

t

A- ← CTÉÑ - d) = :p
5 (exact ) 3 CY



- [ VDB - de Thodv]

T : defwmahw alg • t EFF)

7 = 51
5%5
→ (HY? say

⇒ t.iq/:D(tiT)--DlHT
'

) preserving
T Tri

""

☐p
'

l"
-

by comparing tilting theory f HT and?
.

We may
then assume

T=DcQ,w) P' = DCQ.li )

tis : HT - tip
'

☒
*
In] -- fi ]



- LH -2hm] y :-( É p
'

in general Dp IDF
!

Cp = Cpi as dg - cats

1 I

DsgR=DsgR
'

HH°CDsgR) I HH°lDsgR
')

as Comm G- algs .

R : EEK, - -

tngy with isolated sing .

HH%DsgR) ± 9-
←
Farina
algebra

1. ?_? .
. .

?_? ' g
87m

.

I



- CMather - Yan ]

'?g=- 7g . <⇒ RER
'

Someopenproblems__ (related to finite
dim ' /

algebras )
1) Q : n loop quiver if W is

a Jacobi finite potential with no quadratic
parts .

then nf2 ?

2) Q arbitrary
,

W Tacos . - finite

Suppose Jacobi alg is symmetric .

Is Tep necessarily 2- periodic ?
3) Classify Jacobi finite potentials of

2-loop quiver ?




