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(1) Motivation and
bo.ckﬁaound



g~ Lin . dim. complex semiSimPIe Lie OJSCJ:R.&

Fix o sition 9:’!\'61\0h+. Tlf\e.n l\os'}\@‘r\" is o. Borel

Subqlﬂebka o{: 8 CmCL

Ub) s a su\ou\scbm o‘? U"S)
Poincaré -Biakhof - Wi+ Thm =y
9, (3) ® — 5 exact

Ulb)

C,~ 1-dm UCk)-module on which DY) ocds 6s 2o and U(h)
ocls bg +he charoctea Xek*
UCs)@ C, = ASN ~s \krma. module with higheﬂ wughi A



The Vermow mcdules A ore +he bu:\ém{j blocks” of the
BGG’ CQteﬂORJ

*x bOcC UL3)-NOJ and Ay €0

kR (0 is a hiake,st we,isht. c.a‘:esokj

k (O dewomposes o5 a dicect sum of blocks @ Oy

* 0O o~ A - Mod with A o G\uosulneaed tcuzb a|gebo.a

* The szma modules in (9, cor.msPonJ to the stondoed Ax-modules



Ko~ Pixed field with K=K

Let A be a fin.Jim. k-a\jeb&q wi-Hn '..sodas:cs oF Simrles irvAexe.OI L_’j :é

For i€ &, set
L}~ simple  A-module w/ lobel

IN. (I <‘) is a Posz{
A v |015e.s‘|:. quohe,n’fof P; with comi:oos'l-\on foclors Lj J<l| (stondeed)

P~ peojective cover of L.,Q;“’ injective hull of L

T v o submodule of §; ! w n (costondoed)
Def The Q\se\om A is wrd. the poset (2, 9)if:
(1) 04 L]= |
(2) P; is fiHe.Reql bﬂ stardaeds Vie +

(3) Exta (&, 8))#0 =»iq]



De{f [Ko&mﬂ‘q 5] A éuba\gelfna B O-? e ¥ quasihegg,d'.iazj Qljebm
(A.E,Q) iS Qn '|¥ :
() A®y-: B-Mod —> A-Mod 15 exact

(2) the simPle.s over B ore in bﬂ'adion with & and (B,2 9) is
quus‘.he.kenliiaﬁj with s‘.mfle. standoed modules

(2) A@BL? =A? Vied

Br Lt A=k (o—2) with lbeling poset (412(,€). Then
P, =A = 4, ond Py -‘-&-‘- A, . Note +hat B=K (" °)—sA.
A@B- Tuse,&vas PQ'OJS onA B .Se.miS'\mF\b => B exo:} Boul Wbaloj'



—

Thm EKoenis- il shammer-Ovsienko' 14 ] 1f (A 2,9) is quasihe.ze.dhlay
there exists (A, E,9Q) qumu\nwAdoaj s-b.

ZQ U\GK

(1) (A'\2,9) hos onvexack Bowsl sibolgebean b off modules

(2) (A2 , 9) is 2C1unla\en‘|; 40 (A, 2, 9) filleged by stordaeds

_ AR
Dep Qholgs (A/2,9) ond (A',+,4) are b FA)=Tla).

s
Morita. equ.
Def An exact Bopel svba\adam B oJ} o quasuhmech‘rai? alg (A2 ,9)

IS ¢ Extg (L; ,L )« Ext, (A®, L ABgL) Vi (eT .



The KKO pewlt does not exPlici’rlj describe o quusihekeclHaRj ab
o,cluiva|ent bo (A 3,9)that has an exoact Borel subque,loe.q.

Ext ), (@21, &) g HO (b mod A) 2> mod@)
Ao a'gebw B - coni "9 / bocs
(',:3 B - coal m)
exact Borel o i °|5 ¥

eqVv 4o (4,8,9)



The KKO presult does not exPliciﬂj describe o quusihekedi4alz3 a'g
Lquivalent bo (A, Z,9) thot hos an exact Borel subulje,brw\.

GweN (A.Z,9), How To FiND AN EQUIVALENT QH
AN EXACT BOREL SUBALG?

WHicH ALGEBRAS iN C(A3.9)] HAVE A REGULAR EXACT BOREL SUBALG?

How TO DETECT iF (A, 2,9) HAS A REGULAR EXACT BOREL SUBALG!

IF Bis A REGULAR EXACT BOREL SUBALG OF AN ALG iN [(A2,9)]
CAN WE DETERMINE INFD ABOUT B WITHOUT KNOWING B 7

WHEN DOES A BASIC GH ALG HAVE A REGULAR EXACT BOREL SUBALEY




(2) All qmsiheaeditaa” algs w/
O Regulqa exact Borel wba\a



Find o matrix to colve all ove peoblems

Given (A, E, Q) q\nsihened‘utaab,

® LA L;\] InePuT Al omrut [ % SPeoia\ malrix
N 3 D A Rithm  |—— -
®[(V;: LJ] V"Je’i & V

_'0(A,3,4)] il (“"J)i.‘jei
% dim (HomA(A',, AJ\) J E[)esc&ii)ﬁon

$
DeFine, & sequence of vectors (5;), g in +he Leee Z-wmodvle Z~ vie

. = 0.° Z_ [VL-.I c"m (Hom (A',A',)\I\T -z. [A‘,'.L']'\r’
Kﬂ\\ﬂt J4\'
| % beF
Stondad bosis of Z {\TIJ =J ooed inate of




A = el 2 (P AA) dim (Hom (AJ.A‘.)\'\T 2 La l—]“"
JEE KED\B._ JER\E,
kg Qi ch

Ex Let A K(°——?°<-—°—7°) A is quasMeae.AJae‘j
w.r.t. (Y4,

A ﬁ}_\_ P . L

-I- (? AZ) cllm (HomA( A Aa))’\r
V - EAB L\] “.

1 0 OO0
=01 0 o

[au4] \10 1 o] =6Exté
O o o 1



VE(A,‘Q,Q)]:U\J;;\)-,'&&E is lower —|'Rian3v)an with ones on +he
dio.som\ and 2eRros on —H\L lower cliaaonal ‘ané “TiJ E [No.

&L(AIEIQ)]= (e’;)iei e Q'\DEFZE’VU
de

Thm A [C'20] Let (A,2.,9) be quasikwclilmj-
1 . £ ")
(1) ¥ (K )ieg € N2 End, (@P7)7 with mi=2 95K s uptois0)

+e only alaghea n [(A B ¢ n <
Jim L? QK'S [. 1~ )] C0h10|nm3 . Resulq,& exoct Bok' SU'DQ‘S w/
(2.) (RE(A.E.,Q)] 2, i’) with RC(A.E,Q)E E"JA(%§ P.-LE)OP 15 the unique (uPiuiso)

Ot|3ebm n C(A.i,s\] Con‘\'aimﬂﬂ o basic geau\cm. exac’c Bo?e.\. su'oalg.




Thm B [.(—'2,0] Let (A3 ,9) be quasike,aclilmﬂ and consider

V 2(“"3)5,365 ond L =(€;)ie§.

C(A2,9)]
(1) (A,E,Q) hos a Re.ju\a& e xoct Bou\ .5uba|3 1% 'H\L unique, solution
O(: VL(A.E,!)] X = (o‘im L?),ei i15 &L \ICL}OQ with entries in N

(2) I¢ (AZ,4) hos o Q@ﬁulae exoct Borel su\aa\f) B 4then (dim L"?)“_'§
is the unique solution of VE(A'E’Q)]I =(dim L?)iei'

(3)The dimension of the Sim‘ples Over O mau\ae wodt Boeel SUbalj of
(AR, 9) is Uriwocqnj deteemined bj CA.‘:LJ],[V;:Lj\,dim(uomiAiAy)),JimL?.

(‘l) (A,E,S) hos o basic Reju\az. exact Bogel Subalﬂ |{—F dim\f’:='€i V.&



B Let A- K(A——;&—%—?ﬁ). A s C\vaSihezeA&laeu_‘

N.K.t. (f", s) Ghd

41 0 O O

V =101 0 O .
CAu] \10 1 0
O o o {

Y, 1 q ThmB A hos no
ceay, 0] = [ 4] <7 > (L =7 Req exact Boul
: subodﬁl.

L.=1 0.=1.4,=2 Q.= T_—‘._-".n>A (E“AA(?'GPZQP;@PQO?.f'.,s) is
120 Y7 1 1 '+ N 'Hne.odj <‘\\¢::c|3e.(1v-l»o(A'i‘!,s).,,_,/p~

basic weg) exoct Boeel sdoa\j



(3) Cortan matrix of

o. Regular exact Borel 5uba\3



Thm C [.6'20] Le.t (A'I,S) be qw&heze.clijraifj . Assume that B
1S o Re.s €xC\L" Boze.l .Suba\j OF sSome als in E(A,E,Q)J.Tl\en

T
Cocton matnix - .
0{3 2 ((Lv"LJ])i0JE§ x \/[(A,i,ﬂ]y .

Equivale.nu. classes (—*471—_? Isomca?hiSm closses
of quc\Sihe.uqli-luzj [Rel 2 1 B/n 0f dicected usu\az CORingS

s T (g iy \[B=toirin e/ ® e

Kilshammee - Miemiet
e LC'20] If B-B,W,pneland ' =(B W' p e') aee dicected
Regulae cRings with B oad B' bosic and Rz ond Rp' eqv Hen
dimB=dim B, dmW =dimW', Rg¥ Ra and Band B have same Gelanm.



(4) Dasic qlr\ a\gebkqs
w/ o Requlor exact Borel subalg



Thn D [C20] Let (A,2,9) be qvasihene.di’rufﬁ. TFAE:

(1) e,ve,r:\j q\n alﬁ in CCA3,9)]) has o aesulaz exodd Pogel subcds
(2) the Sequence QECA,E_,q)] is constant and =1

(3) VE(A,?.,S')] 15 +ha ic‘.e.n‘l'i‘rb moteix

) VieR, K 4 is & lzijn’r F (B) - sppeoximation of L

(s) Rad A, € F(v) ,Vied

) Vie & the map Ext; (X, T): Ex-‘L(X,A;)——%Ex‘tA(X,L;),
where Ay =22L,, 15 On '\Somot?hism ,‘oa, eveey X E J(A)

I{f A is basic, then (A Z 9) contains a zgﬂulae exact Bocel
Subo\s itf it contains a bosic RQS exoct Boeel So\oa\s |H’. (”-(6) hold.



_ Thm D [('20] Let (A, %,9) be qumiheaedih%. T FAE.
\ 5 (1) Q'\mﬂ c]In alj in [CA%,9)]) has o &esula& exod Borel subalg
* qh U/ S"“Pl 5+0'(k1¢d5 (2) the Sequmc,e, QCCA,E,Q)] is constant and =1
(3) VE(A,?.,Q)] 15 the ider\ﬁib modeix
* qk u/ s‘m? e COS*CV\&‘QA (’1) Vi€ 1, A, 15 & P-A'jrﬂ' J(A)-dppwxim'hon Df L,
(s) Red A, € F(V) ,Vied
! \ \
& R : (6) Vie &, the mop Ext, (x,T): Ext (x,4;) =&t (x,1),
Rln | Aw‘ Of Aml QX‘I’U\SIO'\ where T : A',,—»L; , 15 0n 'lsomov.?hi&v\ .(oo. eﬁlezg X € Ja) 8
al ina&ru ql bw teees I{ A is bosic, then (A Z ,9) contuins a loe exaoct Boeel
3 OF Se OF 5u|oo\5 iff it contalns a bosic Reg exoct Doeel zs?ga\s i£p (1)-(6) hold.

(wop.k in PROSR%SS w/ 3 KD‘s\nammez.)
% All results can be adapted o hom\ogicol exoct Bord 6ubo|3

VBB B B
B Borel subalfjof A ¢=> Bxtg (I L) Ex‘i (P@BL?.%BLJ') ond Exisn(l:. ,Lj): Ex‘fll’@BLB;.HGBL?i), Vﬂzl,‘v/a,j

% The .S\DedOl moteia \/E(A..'i,é)] is well-behaved we.v. 300d Suba\a and quotiedls
AN V[A/AeA] | o
[ % | Vg ]

yee A -.Aem\)o'hn‘l’ sUNORtCJ
n coideal ¥ of (2,9)
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