
Simple - mindedness : negativity and positivity ①

Joint with Raquel Coelho Simone and David Ploog .

Aim Convince
you simple-minded systems are

"

cluster - tilting objects
"

.

Recall D Hon - finite ,
h - linear

,
Krull - Schmidt triangulated category with shift

I :D → D
.

A Serre fmdw on D is an auto equivalence $ :D → Dst .

Hank , y ) =D Han ly ,
$x ) fur say objects of D.

For we Z
,

Dis w - Calabi - Yau lw - CY ) if I = $
.

Theorem ( Reiter - vada Bergh)

D has a Serre factor ⇐ D has AR triangles ,
in which case I = E 8

.

Protagonist : Q Ifinite) acyclic giver ,
we ZY0 , is

.

Set

Cw = DblkQ)/
[ wg

,
this is w - CY

.

÷W22
,

Cw is a ( higher,
classical) w s - I

, Cw is a

"

classical

duster category . negative cluster category
"

Objects of Cw = objects of DBLKQ)

Morphisms of Cw : Hang IX.Y ) = z HangsIX. FIY) ,

F  = EW8
.

WE -1 recovers natural constructions :

* w= - I
,

stable module categories of rep
'

 
- finite symmetric algebras (Coelho Sinoes

,
Beckmann)

* C1A ,
w - self injective dg algebras IBright bill

,
Jin ) .

Theorem I Keller
,

2005 )

The projection fmdw a : DBIKQ) →

DblhQ%w§= Cw is a triangle

fmdw,
which gives rise to an  additive equivalence it : In → Cw .



Schematics ②

1) W72
.

Write H= mod KQ
.

H EH I
" 2

H [
"  '

H

- - - .

Mu in
p - a p - - ? A

- -

Iw = fundamental domain = HUIHU .  -

UE2H
u I "projhQ

2) WE -1
.

H EH [  "

H E
 wtf Ew "

H

- - - .

EIIIIP  Ew weep

-

Fw = fundamental domain = H0-2HU - - - u EWH ' Ewlinj LQ) .

Projective - minded versus simple - minded

Theorem I king - Yang ,
2014 )

Let A be a finite dimensional algebra .

There is a bijection

{algebraic t . structures in Dbln) } ISMCS  in DB1N } I sitting objects in kbfpoj NIL
mod End

,µ,y
IM) I 4) ← I 5 → M

Precursor : Let Q be a finite) acyclic quiver , B=pnjkQ,
H=modkQ

.

For a sitting object M
,

write M=addM for the sitting subcategory .

Theorem I Bum - Reiter - Thomas
,

2012 )

For w > 2
,

there we bisections ,
where WQ is the corresponding Wad group ,

simple-minded collections of D4hQ)
{

lying in Hu . . .u[ my
} sitting subcategories M with

{ w-nmcrossingtipiiis.usof way

/
ME ' - - - * ⇐

 '

s -

- Ew
I

{ w - cluster timing objects of CwIf



Theorem I Coelho Simone - P . Ploog ,
2020 ) ③

Let W71
,

Q I finite) acyclic quiver , Wo
, corresponding Weyl group .

7 bijech.ms

{ simple-minded collections S of DBILQ) with SEIW }

① ③I '

⑥ { w . simpleminded systems of Ew }{ positive w - uncrossing partitions of Wolf

Remarks

②

was
known fur Q Dyahin and w= I I lodhosinoes

,
2012)

⑦ wasknownfor Q Dynkin and w > I ( Bum - Raton - Thomas
,

2012)

⑤ was known for Q Dynkin and wait I Iyama - Jin
,

2020 ) .

Simple-minded systems filled .ms

Definitions

A collection of  objects SED is an orthogonal collection if Hank , g) = sexy . k the
, yes .

Let W71
.

An orthogonal collection is called

it w - orthogonal if Han I Ikx
, y ) = 0 fw Is he  w - I

, x. yes ;

ii ) w - SMS if it is w - orthogonal and D= (5) * I 6) *  - - - * I " LS7 ;

iii) w - Riedtnann if  it is w - orthogonal , II 5)
t

 
= 0 and IITEHS) -

- 0 ;

if a - orthogonal if Han thx , g) =D for kit
, x. yes ; and

v ) SMC if it is a - orthogonal and D= thick 6) f⇒ Is } is heart of bddt.sk
. )

Let XED
.

A morphism f. x → d is a right X - approximation it

f
whenever we have × → d

7h I
,%

X z × g

It every object of D admits a right X - approximation then X is contravariant 's finite .

Dually : left X - approximation ,
covariantly finite

. Endrially finite = covwiwtly-icmtrwwiwtlyfrm.to



Proposition ICoelho Simone - P
,

2020 ) ④

SED collection of inde composite objects .

Then S is a w - SMS in D iff 5 is

a w - Riedtmann configuration in D sit
.

(5) is functionally finite in D.

Slogan w -5ns = I higher ) cluster - tilting subcategory

w - Riedtnanncmfig = weakly Ihigher) cluster - tilling subcategory .

Theorem I Dugas)

If SET
,

T orthogonal collection
,

then Is ) is functionally finite in TT7
.

Brief aside - functionally finite hearts

Theorem ICoelho Simo es - P - Ploog ,
2020 )

Let H be the heart of a bonded t - structure in D. the heat H is functionally finite

in D iff H has enough injections and enough projective .

Upshot

If S is an SMC in DBLKQ) then 6) is factually finite in DblkQ)
.

Proof of ④

Proposition I Iyama - Jin )

The natural projection functor a : DBLKQ) → C.
 w

induces a well defined map

{ SM6 of DYKQ) contained in In } ↳ f w - Riedtnann configurations in C.wtf
.

This is bijective when Q is Dynkin .

Problem

Q= I -72
,

w= I
.

5 =

fsxltehfuf-swlwerfisat-Riedtmanncmf.gr
I

I
,



Idea
.

Use functional fineness of l%µ ,
in DBIHQ) to show fndwid fitness ⑤

of LS2
,

in Ew .

Example C2H

)=DYhA%s$=:F
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Let Es= I Fist ieZ)µµ .

Then Tiles ) = LS2W .

In particular, Es is functionally finite in DBIHQ) iff ( stew is fmctwially

finite in C-
w .

But
, LS7,

is functionally finite in DBIKQ) iff His )µµ is
,

and

↳ =  
- i.  * ( Fm * ( Fm 'S)p* . - - * ( F 'S )p* - .  - .

n3
[ Sarin - Zvonareva ] = EE3" is functionally finite

Hereditary property ⇒ Es fmohially finite LS2W fndvidly finite .



Surjectivity ⑥
Take 5 a w - SMS in Ew .

IIyama - Jin ] show its lift to DBIKQ) is

a - orthogonal collect Es=  
- .  * FF25 )p*fF'S } * ( S7D * LFS )p* IF * - - .

-

{
70

5

• (5)
,

is contravariantby finite in Esso and covwimtty finite in Es
".

• EI is contravariant } finite in Es by Dugas Theorem
.

⇒ 67 , functionally finite in D ⇒ It 5)
,

cosusps) is at . stroke
.

By hereditary property ,
show it 's bonded

.

Nmcrossing partitions

Q quiver ,
Sis . . .sn simple KQ - modules → WQ =L tq , . . . ,tsn ) corresponding

Weyl group .

Call tq ,  
.

→ tsn the simple reflections

Fix a Coxeter element c
,

i. e. a product of all simple reflections in some

order
, corresponding to an ordering of S

, , . . ,Sn as an exceptional sequence .

A parabolic subgroup of WQ is a subgroup generated a proper
subset  of R

.

Definitions IArmstrong )

Let w > I
.

* NCWIWQ) =/¥ Im .  .

→ uw.nl/c--ui---uwei , blade .
- - tlluw.ie/=lld/ .

* Not 1WQ) =/In, ,u↳ . . she , ) I ye NEYWQ) and uz
- - -

Uwe ,
does

not lie in any proper parabolic subgroup

}



Example I ①

w =L
, Q=A4 ( I → 2-73 → 4)

,
WQE 55

,

R= 1112) ,
123 )

,
134 )

,
145 ) }

C = (12/1231134)/45 ) = I I 23 4 5)
Consider c= tztizst.tl

,

= 13 4) (14/112)/45 ) uz= I I 2 45 )
÷ - - -

U2 UI U2

! 24

④
I 2 [ ,

18 23

④
6711

, a I , y , ye
A I I y → y I

2 I 16 38 25 47
} a I I I } II

y y / y y I f11×1'

y
A y r

'

y I
3 2 I 14 ④58 27

µ , % II. 111 try1④
3 2
①

I I
④

34 56
780

4

Norcross ing I Armstrong )
NC I An ) = NC4H ) = narrowing partitions of net

N4CAn ) = NG4Y = narrowing partitions of net in which I and net

we in the same block

I NCP
" "

12in) = partition of In with noncoding blocks and each

block has only 2 elements
.

•

"

8 •
'

•

5

}
,

µ\
2

• 2

✓ 6
•

73
•

• )
4 • •

3 5 4



Example 2 I Coelho Sinoes ) ⑧

w=2
,

Q=A4 (1-72-73-74)
, WA4E 55

,
R= 1421,123)

, 1341,14511 .

C = (121123/134)/45 ) = 112345 )

Consider c= tztizzt.tn ,

Ying ;
= 134/114/(12/145)

T.TT

÷÷::÷÷::÷÷:÷:÷:::÷::÷÷::÷:::÷::÷÷
:4

/ I -

④
s 0

1,12 2,4 5,7 8,10 11,13 1,3
" t i 've to a ,

1,9 4,12 2,7 5,10 8,13 3,11 1,6
1 to 1 to 1 to 111 y I y I to

1,6 4,9 7,12 2,10 5,13 3,8 6,11 1,9
1

11 yr IT y r '

Ii tri tri I④
4,6 7,9 10,12 2,13 3,5

④
9,11 1,2

NCIIAnlt-NCpawirsllw.it/lneY- 2) = maximal collections of lw.it) - diagonals

f- diagonals splitting Pinto polygons with multiples

I of wet vertices ) of a fuel) I net ) - 2-
gon

P
.

⑨

13 a

2

•

③\ ,

• 4
11 •

10 - •

5

•

T
b

9 • ⑧

8 7



Example 2

w=2
,

Q=A4 (1-72-73-74)
, WA4E 55

,
R= 1421,123)

, 1341,14511 .

C = (12/123/134/145)=112345 )

Consider c= tztizst.tn ,

guy
= 1341114/(12/145)

T.IT

÷
:::÷÷÷÷÷:÷÷:::÷÷:÷:÷:::÷:÷::÷÷

:4

/ I -

④
s 0

Nmcrossing ? IArmstrong ,
Kraken thaler - Stump)

NCW fan) I Ncwlntt) = narrowing partitions of wln.it ) whose blocks have

sites that we multiples of w
.

NC1 1AN) I NCI Intl ) = as above
,

but with I
, whit ) in the same block

.

men
Take c=yqu ,

and consider a ,uz= 134/(14/112)

uii-w.ui-lw.it - i ) 4=134 ) l→ 168 )i→ 146 ) 1137 )
11

UE4 4) 42/1-7 (28/124) I → (17/113)
I I I I

• kreweras
•

•
2 I

•
2

• • •
10

⑨

•
2 complement 10

a

•
2 10

•

•
2

10 a
• 3 10 a

• 3a. µ..fi:1#f.s::# .
.

z
•

z
•

⑨
4

g
•

•
4

• • a • •

•
f.4 8• 4 8 • • 4

7 •
5 7

y•
• •

6 5 7

y•
• •
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