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G-Qc"('c'On ondl HOPI‘T‘Q duali'fj

Let A= A-mod for A a Hf.d. alaebm.
Su”m‘e SQA, for G a Haite qroup .

~—

o: G — Aut(A)
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G-Qc‘('c’o(\ ondl Borh‘a dua(i'(j

Let A= A-mod for A a Hf.d. alaebm.
Supft).\‘c EQA, for G a Haite qroup .

~—

o: G — Aut(A)

Q1f A=kQ for a quver @,then GC Aut(B)I QA .
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G-action ond yorh‘a duali'fj

Let A= A-mod for A a Hf.d. alaebm.
Su”m‘a EQA, for G a Haite qroup .

~—

o: G — Aut(A)

P AG‘ = (A-ﬁbcﬁ)-l\noo{
L——y_./

A G= A(GQ]) as vector Space
ag - bh = (ao(j(b))( 5h)

A# G is called the skew group aljebrq.



G-action ond Borh‘a dualifj

Let A= A-mod for A a f.d. alaebm.
Suppose GARA 4r G a FHrite group.
3 A = (A#G)-mod

A# G is called the skew group algebra.
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G-Qc"('t'O!\ ondl BOPN‘G dua(i'(j

Let 74‘-'— A-mod Hfor A a f£.d. alaebm.
Supft).\‘c GNA for G a Haite qroup .

S AG‘ = (A#G) - mod
A#G, is called fhe skew 3rouP aljebrq.

O Q: L .I 17/2_11 kQ & G-modl S l‘eP HHQ/.
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G-Qc‘('c'On ondl HOPI‘T‘Q duali'fj

Let A= A-mod for A a Hf.d. alaebm.
Sup puse GARA 4r G a FHrite group.
~ AG‘ = (A#G) - mod

A more "Cafegorica\" [’-o.v.i
99{("' is fa obelan cofcgorj w )
-o'oJCC‘fS‘: (X, (Qg)) for XEA and ‘93=30X:;X
S.f. Qj"‘el‘: YSL\ .

o Moq:lr\.‘tms: those in 94 commu'('.‘,\3 w so. datg



G-Qc"('c'On ondl HOPN‘Q duali'fj

Let A= A-mod for A a f.d. alaebm.
Suppose G I A &r G a Fnite group.
3 A% = (A#G)-mod

Question: Whoat acts on AS 1
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Let A= A-mod for A a f.d. alaebm.
Suppose G I A &r G a Fnite group.
3 A% = (A#G)-mod

Question: Whoat acts on AS 1

Caim:  rep (@) QA AC




G-Qc‘('c'On ondl HOPI‘T‘Q duali'fj

Let 74‘-'— A-mod for A a f£.d. alaebm.
Su”m‘a GNA for G a Haite qroup .

3 A = (A#G)-mod
Question = Whot acts on A% 1
Clatm - NP(C'A) QA AC
Given VeErep(G), Me oS
VoM := VGLM as vectfor space

ag-(vex):= (9:V)®(ag'x)



G-Qc‘('c'On ondl BOPNG dualc‘fj

Let 74‘-'— A-mod Hfor A a f£.d. alaebm.
Su”m‘a GNA for G a Haite qroup .

3 A = (A#G)-mod
Question = Whot acts on A% 1
Clatm - NP(C'A) QA AC
Given VeErep(G), Me oS
VoM := VGLM as vectfor space

qa.(v®x)12 (3\[)@(0\3)() .
Ly This defines a monoidal fuactor rep(G) — E"JQX(AC‘)




G-Qc"('c'On ondl HOPI‘T‘Q duali'fj

Let A= A-mod for A a f£.d. alaebm.
Sup puse G A +r G a Haite group.

3 A = (A#G)-mod
Question: Whoat acts on A% 1
Clatm:  rep (&) QA AS

BUT  why care !




G-Qc‘('c'On ondl HOPI‘T‘Q duali'fj

Let A= A-mod for A a f.d. alaebm.
Suppose GARA 4r G a FHrite group.
3 A% = (A#G)-mod

Question: Whoat acts on AS 1

Caim:  rep (@) QA AC

“ G-invarioat problme in A’

L d
C—

! re.P(G)-cquivarion'f problems in 94,0‘ !



G-acton ond Morita duali{j

Let A= A-mod for A a f.d. alaebm.
Suppwe G A 4r G o Haite group.
3 A% = (A#G)-mod

Question: Whoat acts on AS 1

Clatm - NP(C'A) QA AC

[ Macet - Mehrota~ S€ellani ]
Sfabc\cb.) . clofad &Mbeddmj 5 S‘f&b(b&)




G-Qc"('c'O!\ ondl BOPN‘G dua(i'(j

Let A= A-mod for A a f.d. alaebm.
Suppose GARA 4r G a FHrite group.
3 A% = (A#G)-mod

Question: Whoat acts on AS 1

Caim:  rep (@) QA AC

[Macet - Mehrotra~ Stellan] [ Perey = bertusi — Zhao , De il

SbeGCD-) . clofad QMbQo(dl'ﬂj 5 S‘f&b(bﬁ")

@It G s thea the mage s S'faba(Dc‘))
where G = Hom (G, ).




G-Qc‘('c'On ondl HOPI‘T‘Q duali'fj

Let A= A-mod for A a f.d. alaebm.
Suppwe G A 4r G o Haite group.
3 A% = (A#G)-mod

Question: Whoat acts on AS 1

Clatm - NP(C'A) QA AC

Theorem [DHL]
Given G @’D'

NP(G) caP'(ures all o e (qumn‘um) {’Mme.'(‘n‘eg

dual to G (+kq-l wOs Ma‘S‘h‘r\j 4rom 3US'f a)



PLAN OF TALK
@ Recop on S'fbbfll.'ly wndi G'oas on  abelion (qﬁ.sop.‘es
Ls G-invoriant and ~p(G)- cquivariaat  stobilify - conditions

@ [nfroduce Fhe coroespor\d.\r\j netions for Bm‘dje lond
S‘(Gb\.“{j conds t10NnS on '('P?Q/\Julo'&d C&fISOC\'ﬁS.

® The dosedk submBld. property ond  Fhe dualty
~ (a
Stab. (D) = S-fo.brcpcm(b ).
® Example for L£-Kronecker quivese
@ Fusson cato.jon'es‘ & Mmore.. .



S{'obili'('j functione on abelion catagom'er

Throughout, % s an abelion cof.
Defn. A :fqbiliﬁ function on A s o group morphitm
2: k() —™ € st VE+0¢ A

2(E) € H VU Reo.



S{'obili'('j functione on abelion catagom'er

Thmu‘gkow(' A s an abkeian cof.
Defn. A :fabil.‘tj function on A s o group morphitm
2: K(A) — € stV E+0¢ 4
2(E)€ H U Reo.
6(E) := arq2(EY/x € (0,1]



S{'obili'('j functione on abelion catagom'er

Through out, A s an abkeian cof.
A :fqbili-ij functon on A it o group morPkum
2: k() — € st YEFO€A,
2(E) € H VU Reo.
6(E) := arg2CE)/n € (0,1]
An object E s semistobl (w.red 2) &
UXSE, @(x) < F(E).



S{'obili'('vj functione on abelion catagom'er
Through out, A s an abkeian cof.
A :fqbilitj functon on #A s o  goup morphitm
2: k() —™ € st VE+0¢ A
2(E) € H VU Reo.
6(E) := argZ2CE)/x € (0,1]
An olbject E s semistoble  (w.ed Z) if
YXsE, ¢#X)s g(E).
We say 2 rotsties the HN property i+ VxeAd
0 X, €X, € €X%,=X
with E;:= X /x;, Semittoble ond g; > g,



S{'obili'('j functione on abelion catagom'er
Through out, A s an abkeian cof.
A :fabilitj functon on #A s o  goup morphitm
2: k() —™ € st VE+0¢ A
2(E) € H VU Reo.
6(E) := argZ2CE)/x € (0,1]
An olbject E s semistoble  (w.ed Z) if
YXsE, ¢#X)s g(E).
We say 2 rotsties the HN propecty i+ VxeAd
0 X, €X, € €X%,=X
with E;:= X /x;, Semittoble ond g; > g,

A'wav: hold
for A = A-mod



: belion cotegones
S{'obili'('j functione on  abeli 3

E 9. A = Np('_ql)

2(P)

Q 2(%%@ 2)



1 belion cotegores
S{'obili'('j functione on oabe 9

E§9 A ‘= mp(l—él)

o simples e always
%LPJ

semistoble
O s 2(52) .S, P and
y(g’-)< 7‘(9\)

P, it (semi) stable oo,

§O



S{'obili'('j functione on abelion catagom'er

A ‘= mp(lél)

2(P)) o simples ot a(wqa.r

Q 2(%%@;) semistoble
« §, C P‘ anol
y(g’-)< 7‘(9\)

P, it (semi) stable oo,

§O

@ %S)‘) e P, is no (513@
2(52) ,' %(gl') femiStlabla S\ace

\/' 7{(32) > #CP)



S{'obili'('j functione on abelion catagon'er

ﬁ' ”2. E oaad F are bo‘ﬂn semistable W
g(E) > g(F) | thea HDM*( E,F)=0



S{'obili'('j functione on abelion catagom'er

ﬁ' 'P' E oaad F are bo‘ﬂn semistable W
#(E) > g(F) | thea HDMA( E,F)=0

EﬂvF

2(E) 2(F)

N\



S{'obili'('j functione on abelion catagom'er

&: ”). E oaad F are bo‘ﬂn semistable W
#(E) > g(F) | thea Hom*( E,F)=0

E-ﬁo-vF

2(E) 2(F) ] ]

v
cokar(£)z im(4)



S{'obili'('j functione on abelion catagom'er

&: ”). E oaad F are bo‘ﬂn semistable
#(E) > g(F) | thea Hom*( E,F)=0

E-ﬁo-vF

2(E) 2(F) ] ]
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S{'obili'('j functione on abelion catagom'er

wo 'P' E oaad F are bo‘ﬂn semistable W
#(E) > g(F) | thea Hom*( E,F)=0

E-ﬁo-vF

2(E) 2(F) J ]

ZCC.QM) w
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S{'obili'('j functione on abelion catagom'er

wo 'P' E oaad F are bo‘ﬂn semistable W
#(E) > g(F) | thea Hom*( E,F)=0

E —ﬁo-v F
2(E) 2(F) J ]
me)w
3%(im(*n cokar() % i (£)
tg A= ep(1—2) o

2(5,) ,7” 2(s,)
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S{'obili'('j functione on abelion catagom'er

D:‘_&' A Kina'S sta bi 'a’fj condifion i a 9P ‘\OMomgrrh::M

3 KD(A'MOJ) — R
i
2" = ®2(s:3



S{'obili'('j functione on abelion catagom'er

Dﬁﬁ' A Kina'S sta bi 'a’fj condifion i a 9P kb!v\omgrrln::m

3 KQ(A'MOd) — R
i
2" = ®2(s:3

L% Eciwva(an'fb : V€ )Kn aad 8 := <", -D.



S{'obili'('j functione on abelion catagom'er

Dﬁefﬂ‘ A Kina'S sta bi 'a'fj condifion i a 9P ko!v\omgrrh:cm

3 KO(A"MOd) — R
i
2" = ®2(s:3

L-% Eciwvaun'fb : V€ )Kn aad 8 := <V, -,
D efine %.’Ko (A‘Moel) — C b’j
2((MY) = - <v.(MTD + dim (M)



S{'obili'('j functione on abelion catagom'er

A Kina's ste b l.‘fj cwopdifon i€ a 9. korv\omorr hitan

3 KD(A"MOd) — R
i
2" = ®2(s:3

L-% Eciwvaun'fb : V€ )Kn aad 8 := <V, -,
D efine 'Z"Ko (A‘Moel) — C b’j
2((MY) = - <v.(MTD + dim (M)

Thea M s v-semisfable @ M is Z-semistoble

W P(nas-e -g_-



S{'obili'('j functione on abelion catagom'er

Thr‘oug‘now'(, 74‘ s an oabelian cof. witlh o G- acfion.
Defa. A cfabili-ij uncton Z on A s G-invamant
2 2(9pE)=2(E) for all geG, EE€A .
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Thr‘oug‘now'(, 74‘ s an oabelian cof. witlh o G- acfion.
Defa. A cfabili-ij uncton Z on A s G-invamant
2 2(9pE)=2(E) for all geG, EE€A .

Now A is also qbtl\'w\, but has a f‘cp(C)~Qdion,



S{'obili'('j functione on abelion catagom'er

Thmugkout 74‘ s an oabelian cof. witlh o G- acfion.
Defa. A cfabn.'-ij uncton Z on A s G-invamant
2 2(9pE)=2(E) for all geG, EE€A .

Now A is also abe l\'OV\, but hos a rep (G) - aetion.
Dfﬁﬂ- A .rfabih"ij function € on AG 1S "Q?LG)—U}WVGNGA"'
2 2(VD M)=dim(V)Z2(M) &r oll VErp(a) Me 4%



S{'obili'('j fun ctione on abelion catagon'er

Throughout, & s an abetian cof. with o G- actioq.
'?(¢):: Full suhcafejov:j o semistable °5\')C°ﬂ with

phase §
Suppose 2 Ke(A)Y—™ C s a G-invanonT Sfabfh"('\tj

function . Then EGP(S‘) A 3DE€?(¢) V\?e Q.



S{'obili'('vj fun ctione on abelion catagom'er

Throughout, & s an abetian cof. with o G- actioq.
"P(¢):: Full mhcafejov:j o semistable °5\')C°ﬂ with

phase §
Suppose 2 Ke(A)Y—™ C s a G-invanonT Sfabfh"('\tj

function . Then EGP(S‘) A 3DE€?(¢) V\?e Q.
# X C gDE



S{'obili'('vj fun ctione on abelion catagom'er

Throughout, & s an abetian cof. with o G- actioq.
"P(¢):: Full mhcafejov:j o semistable °5\')C°ﬂ with

phase §
Suppose 2 Ke(A)Y—™ C s a G-invanonT Sfabfh"('\tj

function . Then EGP(S‘) A 3DE€?(¢) V\?e Q.
I# X <€ 3goE , lwn 9'ODXECE .



S{'obili'('j fun ctione on abelion caﬂgom'er

Thr‘ougl\ouf, A s on abean cof. with o G- acfiog.
P(¢):= Full whcqfejou:j o semistable objeets wrty
phase §
Sppose 2+ Ko(A)— € s @ Grinvanand stability
function. Then EE€P(y) & 9Pk € P(g¢) Vg € Q.

I# X <€ 3goE , lwn 9'ODXECE .
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S{'obili'('j fun ctione on abelion caﬂgom'er

Thr‘ougl\ouf, A s on abean cof. with o G- acfiog.
P(¢):= Full whcqfejou:j o semistable objeets wrty
phase §
Sppose 2+ Ko(A)— € s o Grinvanand stability
function. Then EE€P(y) & 9Pk € P(g¢) Vg € Q.

I# X <€ 3goE , lwn 9'ODXECE .

J

~_~

plg'ox) < ¢(E)

£ X) #(9DE) .



S{'obili'('j fun ctione on abelion catagon'er

Throughout, & s an abetian cof. with o G- actioq.
'?(¢):: Full suhcafejov:j o semistable °5\')C°ﬂ with

phase ¥
Suppose 2 Ke(A)Y—™ C s a G-invanon Sfabfh’-(-\xj

function . Then EGP(S‘) A 3DE€?(¢) V\?e Q.

Now #A“ is also abelion, but hos a cep(G) -~ aetion.
Iir_qf[)-l] S'qpl)osg Z-ZKO(AC’)-—% C ¢ a NP(G)‘Q?U:’V.
sfab,'l,'-(-\v {Zunc'(‘\'on w the HN properfj.

Then MEP(¥) & VPMED(P) VW VEmp(a).



T_I‘\_c_ (tl - cat Monia) qf_u_o_lg‘j for  cbelion cafegonies

Forget - 42— A
(X,(wj)) — X




T_I‘\_C_ (J- cot MOI‘H’Q) 4_‘4_01«_"3 ‘fil‘ c belion cafzgom'e.f

AC\G A : lnd

(32-” SDY, ina'l') S Y



The (I-cxt Morita) duolify for abelion cafegonies
Forget AT A
(X,&4)) — X

(3?;‘ SDY, ina'l") e Y

G-iavaciant stobilify —> J replG) - equivanmnt S'fabc‘(a‘f’
fmctions on A — {"PUJ\C‘HO!\S‘ on #S

Z +—— 7 ~Foyet
Wo [ad & -1 W




T_I’\_C_ g - cat Monrita) C:Q_Q_O'_c'(:j ’_@l‘ ¢ belion cafzgor-'ef
Fo:‘se'( AT A d
(X,&4)) — X

(3?;' SDY, ina'l") — Y

fnctions on A fuctions on  #S
Z +—— 7 ~Foyet
Wo [ad & = W
Moreover, M € A® is (2 ¢Forgef)-mmiriable i
forget (M) €A 8 Z -Somistable (w the rome phase ) .

{G-Mvariowf stobilfy —— {m((‘,\—zqw‘van‘mf S'fab«‘(a‘f,}
—




T_I’\_C_ g - cat Monrita) C:Q_Q_O'_c'(:j ’_@l‘ ¢ belion cafzgor-'ef
Fo:‘se'( AT A d
(X,&4)) — X

(3?;' SDY, ina'l") S Y

G -iavociant stabilify — {NP(G\-QQW’VW\'Mf S'fab«‘(.‘f’}
fmctions on A ¢—— | fuctions 0n 946'
Z +—— 7 ~Foyet
Wo [ad & = W
Moreover M € A€ is W -mmitdable it
fomget (M) €A i (Walad) -semistable  (w fhe some phage ) .

And VICL veSTQ ...




Br*folﬂda/\o\ S'fabiln"('j conditions
Let D be -ém'omjulqﬂo(.
A sfabili-(j condifion G:C%,J‘() on D consists of
1) o heart d@ S D (which s abelion)

i) a S{Q’oilu"('j funcfion Z=KD(J~Q)%K°(‘D)% C
st HN property holds.




Bri olgd and S‘fabiln"('j conditions

Let D be -ém'omjula'fco(.

Defa. A stobility condition 6=(2,H) on D consists o
1) o heart d@ S D (which s abelion)

i) a S{Q’oil{'('j funcfion 'Z‘KD(J‘Q)%KO('D)% C
st HN property holds.

Tbﬁ\- [Bridsela/\d]
Stab(D) — Hom (KeO),€) = ("
F,R)+— 2
IS a loeul kDMe_omorplu'sm.
So Stab(D) s a Rd. coMPlCK manifold .



Briolﬂda/\o\ S'fabiln"('j conditions

Let D be {rianjulq‘fco( w o G-acton.

Qein. A s-fabili‘fj condition G‘:C%,J{) on D 5 G-invoront
R i1 M s closed under fhe  (-acfion )

(i) 2 s moreoves G- invariaat



B r dﬂQ( anol S'('abilf‘('j condition S

Let D be frian Julq'fco( w a G-action.
A s{abil,'-fj condrfion o= (%, J{) on D 5 G-iavo rront
EF (1) d-e i3 closed under the (-action )

(i) 2 s moreoves G- invariaat

Now DG‘ haS G NPCG)—GC‘(\’M) S‘upp. DG ¢§ q(fo ‘(‘/\'w\ju(qftol.

G
A S'fabili‘fj condition o= (2,H) on D" is wp(G)- equi v.
¥ IO H  is closed uwnder the Mp(&]-acﬁ“oz\s

(i1) € (s morcoves l‘c‘\(&)"qw‘vqrianf.



B r dﬂq’( anol S'('abilf‘('j condition S

Let D be -(m'omjulq'fw( w a G-action.
(Macet - Mehrotra — Stellari’]
Stabe (D) — Hom (Ky(D), C)G‘ is o local homeomorphisa,

Moreove r, Q‘fabGC'D) C Stob (D) s closed .



B r olgq_( anol S'['abilf‘('j condition S

Let D be -(rianjulq'fco( w a G-action.
(Macet - Mehrotra — Stellari’]
Stabe (D) — Hom (Ky(D), C)G‘ is o local homeomorphisa,

Moreove r, Q‘fabGC'D) C Stob (D) s closed .

Now Dc" has o mp(G)—acﬁ'on‘; S‘upp. Dc‘ s alto '('m'anjutqtcol.

Thw. [DHL ]
$ta b"P[c") (d) — H

(Ko (D), @)

" kolrepCG1)
is a local InOM(omorPl\fYM. (Q_vep(ﬁ')-ﬂqu:va.n’wﬂ

Moreover Stab D) € Steh( ¢ cloged. <ol
; ep(a)(D) € StRD) 15 closed. VN




The (1-at Morita) dualf'fj

Forget DO —= D : lad  (bindjoints)




The. (1-aat Morita) dualh‘j
Forget DO —= D : lad  (bindjoints)
[Mo.ch - Mehrstra = Stdlari}
Let & :D DD Fer (P, )ESb(D) dedine
37.(?,2) = (37D 2-9)
where (7Y (#) = {XeD | BAETE) S,




The (I-ot Morita) dualify

Forget : DS =D = lnd  (biodyaints)
Deda. [ Macey - Mehrstra — Stlaei] f '}2‘,.,2‘"“3; .
Let & :D YD For (P, )€ Stb(D) dedine
§7-(p,2):= (377, 2°%)

where (?_"'P)(?s\ :{XQT} ‘ §CK\€?(¢)}




The (I1-at Morita) dualf'fj

Fou‘ae'f '-Nbc‘@___% D : lad (Liod)oirl’r)
~ ) o nof G(wags
(MGCPI - Mthfﬁffa -~ Stdla rl] a Hq"'.l'.f*} cond. |

Let &:D D . For (D, 2)€SHb(D) debine
37-(2,2) = (377, 2+ 8)
where (Z7-2)(8) = {xeDd | 21T,
Thm. [DHL)
Forget™ © Stab, (D) = Stabyy cp ((D)* (nd”

rep(G)
are Mufua\lj Inverse komeomorpk.‘ws‘ up <o reS‘ccle

Z by a).




Kf‘oncckef‘ ond HCKoj qw‘verf
&,
Let KL:: 17 22 G a fnite jmula.

Q) /]
o 2

Thea each \/'eazze N.p(G') dedines an octon of G
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Corollary [DHL]
j = im (V)
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Forget” [ 1 lad ™!
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Corollarj (DHL]
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Ofther fusion cafeqories k =k
Y /

(IS a SeM“SJ'M’?LQ ) lk_linqar

A Husion cerfejorj (&

Ca'fejorj W wmoaoidg| strucfure (&, 1) such that:

() 1 is simple ;
(iiy every okject has ledf & right duals ;
(ir ) -Fin;{elj moay smples
® © = p(G) (dnrli)}IG1)
@ Fib — two simples 1 T ad
TOT X 1®T
" Fibonacer [ goldan rutio category
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re (3<Z>¢J Fib> Tl DFuk (Dg) = D*(cep (4q))
ANGe T = 10T
<& P, Q 0
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ﬂﬁebﬂ Geo ML’frv -
4 e
FCP (3<‘L>© Fiba Tl DFuk(Dg)-’_-"Db(r‘c,p(Aq))
VAR "R
Oj Pl @ LO

P, l S:) L
% ?J TL T n
P O G ©

S.'fabFib(DFuk(ﬂ)s}) consists O-@ metrics which Jivﬁ
Y ofLine -tansformed fcgu‘w‘ pentagons.
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\l/ uaiversal cover
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\\ / Q:Z\Hh“-') < Cq‘\ HAq
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