



















































j W Kontsevich Vlassopoulos Rivera Wang

1 Some string topology
I I Let M be closedmanifold dim d oriented

Consider loop spaces AM L M

Work overfield Ik z abased
free

Intersectionproduct CpM C M Cpeg dM
lifts to two operations on homologyof loopspaces
Loopproduct Chas Sullivan product

Ap Hq km Mpeg alum Edds
Loopcoproduct Gorsky Hingston concoduct

t Sullivan Wahl
FEMm Hp na LM x LM Tuxen
i e defined modulo constant loops
More recently shown to factor through
Hx KM XM pt Nall Hingston Kaufmann

Q2 How to describe algebraically

Q2 What are invariance properties

1 2 Algebraic models

Jones M simplyconnected HH Elm ELM
als of

cochains



gals of
chains t concatenation

goodwillie An M HH Glen E Een
At Simply connected Rivera Wang
Loopprod t coprod can be recoveredfrom Elm

using Tate Hochschild homology
Use model A E C m

A dg symmetric Frobenius algebra
Def Rivera Wang tachsched complex

DHA A C la Av AVI A C'la

When A C m X a Enchar
A a related to singularity category of A

AL Loopproduct is homotopy invariant
can beproven in it m o by above

but coproduct isn't
EX Naef Lens spares Lin 22,9 3 unfolds
have different loop coproducts
even though htpy equivalent
Not simple homotopy equivalent
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3 Calabi Yau Pre Calabi Yaustructures
3 1 Proper smooth CY structures

forsimplicity let A be As algebra
ie I graded v s with Luynes

gun Axon ACz n satisfying
EIFEL o

Etf 0

My is Hochschild cochain e Cla A

IA A ED is dg lie algebra
EE Gerstenhaber bracket

another

Def A structure p is element of deg 2 in Ela all
satisfying Cy y 0

graphically
go

eatin

Bimodal A has 2 duals
Lineardual AV Honk A K

Ae A A

Bimoduledual A Homaela Ac
A Alls

CIA Ae t revokeby bar coplex

BALD



Def A isproper if dim la pi AW A

A is smooth if A is compactbimodule A e A

lie has finite length resolution

Ex M manifold or fin CW complex

M is proper Glen is smooth
Abbaspour

CA in has Hochschildchiptx GAA by

Fact HA is proper att AM
FlightIf A is smooth Celt A I

binodd
Def GIA ALIKE d is weakproper Cystructure

of dim d if induces isomorphism AE AE d

Kid CHA A is weak smooth Cy structure
of dim d if induces isomorphism At E Al d
nonweak Cy factors thru cychal

negative cyclic homology
A AM M orientable E isproper Cy

pinch Glen in a mouth Cy
coming fromEnd

e g m s A Alt goAED
Hochschild chain a E t is smooth Cy



3 2 Pre Calabi Yan structures Kontsevich T Vlassopoulos

A structure vertex with 1 output
Can extend this to more outputs

Def k thhigherHochschild cochains
Cik A ITthan Aint x A Tink Il

ni O

Note CIA FA A am
t

Def KTV m put miz t mis t

where Mik E C A cyclically anti symmetric
deg day

is pre CY structure of dim d

if EMI o necklace bucket

x p a e CI p e GE

E B e GE A

If I ftp.t In Me 0 As

I ftp t
4 m o Y'tdosed
Mmiss I may MN



X Fano variety S E TIX WI
E generatorof DSG X I End E

A haspre Cy structure dim X
times

No need to be proper or smooth But

Th KTV A hasproper smoothly A has pre ex

Smooth case LA WE Cd A A smooth Cy

I pre CY structure m Mtm
s t

x
2 w are inversesvoiEPi ytqu.p

E A Kitt E Glas deg t o

w t Tt

Ma MImiso If I 20th this

I miss mi ÉÉgtht
tea

4124



A KTV degli 2n 22 E Cassatt

É II Eyagio ok i s
me3 o

3.3 TFT structure
Cobordismhypothesis Cy structure so sometype 2d TF
sttellotoos

proper ex structure on C

open dosed TFT closed strings O he Held
open strings In E

Restricting to closedsector

them HaMg m n thx din
m d
n z o

g O

Others WahlWesterland Caldararn Tu Costello et
have extended to cyclic to algebras

ribbongraphmodels
We extended this to prefung ribbon quivers

oriented

Thu KTV IA m pre Cy category thenhavechain level
C 11AM o Ging K e CIA A

l

Iig
Inparticular have aproduct associative

skew commutative on HH 1A



i

4 Pre Cy structures products on cones Rivera
Wang

4 1 Let A A algebra
in put a t t t m pay pre CYstructure

a define's a map of bimodules AK d A

actually BALD AVE d BALD A

A

Def M Cone fa AV A D da
t Fa

Prof From data of A.fm getstructureof dim d

pre CY bimodule over A on M Cone fa
such that km M ft



Cor Given A m have chain lendproductofdeg d
Cx A M GIA M E G LA M
intertwining differentials
extending product on C CA A

0 É
AVA A AVA AV AA A AAV AV

AVAV A A AV Ar

Tm
Ingeneral it is associative on homology but not
stew commutative



4.2 Efimu's categoricalformalpuncturedneighborhoodof o
2016

X notepaperalgvariety X III
A dgtiattegory n'aspace A

th Efimov I canonical dg functor A As
such that as bimodule

ACA AV A CIA howA AN A
IA A

Recentlytendedto Ao categories related to
Rabinowitz Flier homology by

Ganatra Gao Venkatesh

Taking Gl
Cx A A AY Cala A G CA AZ

CHA AV Cala A

Efimov map CIA AIG A A is given by

Shklyaycopairing CherncharacterofA
ch A E HH EA HEA Al

Now if A is smooth d d havequasiiso A A L d



The A W smooth d ay A cat w compatible pre Cy

Rtu
structure m n t at mini I homotopy

A At A

In I hid
mas so

ÉÉ Yg
comCfa

Sogetatiatinpect an MIAA dead
Thisproduct is skew commutative

ShouldbepartofEz structure already claimedby Efimor

pre ay structure explicitformulas

5 Lift to coprodigt
Recall Cala AZ I GIAANLB O GIA A

Q1 Can we lift it to p ctmKA.AT dhow

92 When is thisproduct associative commutative

93 When is it dual to coproduct on GIA A

Al When E O E ch A e GA lo GA

KIAAY É GIA A GIA A A A I

Pichtomtit aye at Hd E

Ty p o Lt H Cha



This case describedby NaefSafronov see talks
no volume for us

H A Glx ch A xxx Ept pts
so this Fan X 0

We can extend this to care XIX 0

Let A be non positivelygraded e.g Alex
Than given H such that H is homotopy
RTW

laAM É Cx A A

4th
gives a lift of toasted on thespace

Ker El W

Az Shen commutative when It is shew symmetric
always possible to choose if A is day

Ine associative But

Pry H A is non positivelygrodd and d Cy
with 3 it is associative on homotogy

compare to Cieliebak Oancea

may befor choices of H if 1,2



I Always dualizes to coproduct on CHEAT LE o

as long as homotopy Eat clothes
A W ingeneral

from H as above

Conj For appropriate choice of H under HWAA I HxkX
when A Chex this is Gorsky Kingston
coproduct checkedfor spheres
For A GLX if thkx.lk o have canonicalchoice
of H up to d exact canomicopoduct
Call this algebraic Gtl coproduct

the inprogress thisalgebraic GMcoproduct is
w

a simple homotopy invariant

Proofuses a dg category equivalentto Alex
modeled on simplicial setfor X

TA A is proper t pre ay structure M
9 i s.t Afield is cyclic A


