Aco deformafions of extended Khovanov arc algebras and Stroppel’s Conjecture
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I Extended Khovanov arc alsebrus
Let m,n 7| be two natural numbers

A of fype m is a seguence of m v's R nAls. VVAAVAVAVY
An of type m is obtained by

drawing open / closed arcs through Ns & v's W}
imducing a well-defined ovientation on each arc

subjedt v +he conditim that the following

ShaFes do nof appear
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Def The is
the algebra with f-basis given by arc diagrams of fype m

. . m
. by the number of clockwise Cups & caps in each arc | 5§ 9 13 4Q+|
diagram.
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dim Ky = 4 arc diagrams

Ex. K;‘&’k({:})/(yx) lx| = lyl=1.



The can be defined via a 2D TAFT
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Rmk. Km can be viewed as ) guohent of fhe classical
Khovanov arc algebra Hows



Extended Khovanov arc algebras in
representafion theovy X symplectic geometry

Thm. () (Stroppel 2009)
mod I = OF & Perv ( Gr(m, m+n))

@ (Stvoppel-Webster 2012)

Kw & cohomology of intersections of irreductble
components of 2-block Springer fibres

@ (Mak-Smith 2022)
perf Km = D(FS(mm)

where 7 : Hilb (AmandsD — C

Algebraic properfies

Thim. (Brumdan-s'fropPel 201)
O K s

o cellular

e Kosau

. %aqs'l—heredihry

@) Kn has a double centralizer property
Km S Endyn (eKm) ' & eXme = H,

Rmk. Can recover KKhovanov homology of
knots [{inks from representation theory &

symplectic geometry.
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Thm. (Seidel-Thomas 2001) K, K] ore intrinsically formal,

Coj. (Stvoppel ICM 2010)  HHE, (K, Km) =0 for all é#0.

Th. (B-Wang 2022) (1) HHZ, (Kn,Km) # 0 for é=2mn=4 fov all min72.
(@) Km admits explicit newfrivial Ag deformations Fov all m,n22,

To prove this, we need some algebraic tools, since the smallest
Candidate is already too large for naive wmputafim.

HHE, = H’(“‘ —C, — Cf;\-g — ., _.)

TT Hom (A%, A); 3

J?0



Algebraic descriptin of Km via %u.'wers with relafipns

Prop. (B-Wang) Km = IkQm /Im where
> Qp is the double %uive»' associated to a bipartite graph fm  verhces <« deg. O arc diagrams

arrows +— deg. | arc dl'agrams

o Inmis 3enercd‘€d by %uqdmﬁc relotions
° monomia) relations
o relations at verhces

o commutafivity relations across all Squares ., . -
m? © 1 2
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Ex. K2 dimy K2 =47 2 = kQ?/ T2

Examples of relations

° a I'commd'ah'v'lfy relaﬁm“

Ht Ry @ 3
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¢ a monomial relafion 2
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Bruhot govder <—  height (2) = Ea#'\'s left of v



1L Hochschild whomology

Let A= @A"be any graded algebra with an additiomal Adams
grading, i.e. A% = DAY

te2
Then Hom & ® and the Hodhschild complex are bigraded

P = ®c¢ -i
Cx(A,ﬁ) ;‘Io HO"‘(P\ :A)g

: P — Pt
d c% %



A=60 P\k graded vector space

keZ
associotive structures on A Ao structures on A
l !
{ e ? CHAR) satisfying [p.p]=0] {peTT AR wiisying [up] = 0}
plab) = 2 pglab) Pg-a’ °% — A

g of degree 2-¢



Thm. (Keller 2003) If A is a Koszul algebra, then
Ci(A,A) = CI(A', A

In porticulor; HHE(A,F\) = HH;(R!, P\!).
wite RN =KoY = k@l /[ T

A:signin3
o arrows in Qm bidegree (1,-9

« arrows in Qu bidegree (0, 1)

Keller's thesvem gives an issmovphism HH‘%(K.'A.K.':.) = HH?(R.’.‘.,R.‘;).



I Main results : A deformations of Km
Thm, (B-Wang) For any m,n72 we have dim HHZpo g (K, Kmn) = |

\dea of proof  Use Keller's isomavphism HH,g (KM, Ki) = HHmnc (R, Kib)

Encode the relatisns of the Koszul dual Ki = KQh/ I}, info o reduction system R,
satisfying fhe diomond_condition for Im.

HH* (K1 Km) = { first ovder defomations of R} /~

HH;,,,,.‘ (K, 'R.'.‘.) o l-dim. space/lo-dfm. Space

Gor. Kn admits an exphdt nontrivial Ae Stucture with {m;=0 for 2<i<2mn-4

M2mn-4 ¥ 0



Cov (B-Wang) K2 admits a unigue rontrivial Aw deformation.

This Aw deformation can be described as follows:
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Forther in‘\'erprel'qﬁw % app\icafﬁm

The explict Aco deftvmations of Km give explicit
oo deformations of the Fukaya-Jeidel category &8 (rem)
shudied by Mak 3 Swith,

277
represv.nfaﬁm
(:( A.oo?eliom N Foer theory of a (portial)
m gymplectic ComFucﬁﬁc;?m
el hw’rllmk geometvy of Hilb"(Agny)\D
i:v:riumfs? homology ~ €3 HIb" Buen-) ?

cf. Seidels ICM 2002 address
defovmation < (partial) compadtification



