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Rank 2 cluster algebras

let b. c be two positive integers .

✗
ni

- Xn+ , = {
' + × ! n odd

it Xi n even

Al b. c) C ④ ( X . .
✗a) subalgebra generated by

{ ✗n Int 2 } ( cluster variables )
.
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Finite type example

BIC, b=t
,
V2

×
,

Xs

/
Xg=XÉ( 1-1×51=112+(1+4) __ to ×g=xi'( 1-1×22 )

Xiii (1+24+44×22)=1/5 ✗4=115%1-1×3 )
= Xi'XÉ(i+✗ , -1×22 )
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Two f. d. algebras associated to (bi )

Geiss - Leclerc - Schrier
E , Ez

A 2 g-_ gcdcb.es , Gb=CaC
Q : I > 2

✗
,

Hi-ICQkei.e.bg Q :
CFA 29 "
v

Path algebra
9

I :-&".es?ea%aa-aneiGlk-ka-g)H:--CQ/e-
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Det
.

Me Mod H is called locally free if

e : M is free over e :He : I ① [ E :]/(e.fi/.--:H:liM
≈ H ;⊕M " ( m

, ,
Ma) : the rank vector of M

.

'

II. M ) : = { d. f. swbmodules of M with rank E- In .nl}
( quasi - projective) subvariety of usual quiver grass Mannion .

✗ II.M ) : = Enter characteristic of 6¥11
,

M )
.
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Def
.

( Ghs ) M t mod H locally free .

The t.f.ca/dero-Chapoton
function is

✗
µ
:= ximxjm-znlr.in ) xiblmi "' hi" c- ICH .

✗it]
1=11 ,k)

e.9 . E
,
:= ①[ E.%) > 0 Xe

,

= Xi'( it Xi ) = X
,

C-2 := 0 > ①[%Y ✗
Ei.

✗{ (it XP ) = Xo
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AR - quiver
e.g. b =L

.

C- 2

qe.IO
> 2

iii. mare

Xp
,

= Xix:( ✗it Alipio ) × ,
+ I + ✗{ ) = ✗

s

✗ Is
= Xix:( ×

.
+ I + ✗3) = ✗

¢
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Than / M ) For bc ≥ 4
,

we have bijection

{ rigid,ff . H - modules }/~ <

~

> { Xn n≤own ≥3}
indecomposable

M 1 > ✗
µ
( ✗i. ✗a)

Rink
.

The bijection is natural ( by GLS ) from E- tilting theory .

We show ✗
µ ,n ,

= Xn where

Mini obtained by BGP - type reflections
.
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Beyond rank 2

GLS have associated HCB , D) to any acyclic

skew - sgmmetrizable B and D st . DB -1 B'D= 0
.

"

concatenate
"

rank 2 algebras

Eidi_0@i.z.yej4-ouJ9ij-gcdCbij.bj:) (with relations )

(when b:j< 0 ) 8



✗
n can be defined for locally free M E Mod HLB .D)

.

-1hm ( Ghs ) For B Dynkin ,
Mi > ✗ m induces a bijection

{ rigid ind
.

l.f. modules } a
~

, { non - initial cluster }
,

variables in ☆ (B)

Rink
.

The proof relies on realizing Uln ) via mode .f
.

HIBID )

(Ghs) and a cluster structure on QIN ] ( Yang - Zekiinsky )
g



CC functions under reflection for general B

Reflection functors ( Ghs ) : when K is a sink ( source )

FÉ : mod H ( B.D) s mod HIM .B. D)

generalizing BGP reflections .

as:Oji=o Fat
, i a 2e.9 .

I ' 2

I 2

1 I 5 I

2
1

2112 I s
'

,
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Prop
.

Let k be a sink in HIB ,D) and M e mode
.
f. HIRD)

St
. Fifi 1M ) I M .

Then we have

✗Mlk , - . - ,
Xn ) = ✗ f.im Hi ,

" - in
'

)

where Xi = × : i -4k
,

✗n' = ✗[ / TIX :[bill ] _' + Tix :[- bik] -1 )
.
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In Dynkin cases
, every cluster variable can be obtained

by sink /source mutations from initial cluster variables

/ every root can be obtained by simple reflections from .

Simple roots )
*

A new proof of Gls ' thm
.
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Beyond acyclic clusters ( joint with D. Labardini - Fragoso)

surfaces with orbifold ,

¥7;€*f*i÷
Triangulation

.

*
'E¥ :#

"

€f
is
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Quivers/gentle algebras

relations : fix , PP , D8 .

92=0%÷ (
Det

,

Ha := 0£12 gentle and Jacobian .

B. = (adjacency matrix of Q ) • (
"
"

a.;) show
- Symmetrizabk .
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Flips and mutations

.
"

•

µ"
,

B ' s µkB
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Than I Labardini - M , upcoming )

{ 9- rigid ind
. H - modules II. f. I } In

<
~

s { non - initial cluster variables
of ALB ) }

M i > Xm : = ✗
%"'

. Fm / § ,

- "

,
Ñn )

.
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• Proves a conjecture of GLS in §
"

A. that Xm is cluster variable

for M g- rigid into
.

a:O gai:O@→ . . . . _ •→ n+ ,
• Extend to any initial cluster .

For example
Affine type : In , @ ,

-224%0"

¥
•

17



Rink
.

Since His Jacobian ,
one can apply D1 - theory .

This recovers Chekhov - Shapiro 's generalized
cluster structures

.

See arxiv : 2203.11563 joint with D. labardini - Fragoso .

For f.f. ones
,
we are unable to apply D.9- theory .

have to prove recursions analogous to DWZ .
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There are still lot to be discovered about

"

cluster characters
"

for arbitraryskew-symiethizabk.cl
uster algebras .

Thank You !
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