
An explicit dg enhancement of singularity category n

( joint work with X.-W.

Chen)

② Background
② The dog enhancement- singular Yoneda dg category.

③ Applications
② Background
A a Hefel noetherian algebra

Def (BuchWeitz 86 , Orlov 03)

Dsg (A) EDNA
-ModyperfAt the singularity category of A .

Rem If 81dim ALA then Dsg (A)=O .
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Tkm (Krause 05)
there is a triangle equivalence (up to direct summands)

Dsg(A)To Kada-359
⇒ Kada-Ing) is the homotopy category consisting of acyclic
complexes of infective A-modules .

• Kada-Ins't a Kada-Inj) compact objects lie. Hank,-1 commutes with coproducts) .

Them (Smith 12
,
Chen-Yang 15)

Let Q be a finite quiver . Let A- ROBE kQo①kQn .
Then

DsgLAI es per(LIQ))
"universal localisation ofKQ

"

where LIQ) is the (graded) Leavitt path algebra
aB*=8a.Beth, t d. BEQik ⇐a= er v. ieQ) Kk-I HH -I

the double quiverofQ {dfoylskti}

We will give an explicit realisation of the above triangle equivalences .



② The dg enhancement- singular Yoneda dg category 3

Recall Adg enhancement of DsgIA) is a pretriangulated dg category e
such that Hole) E Dsg IAI as triangulated categories .

Rem By Keller and Dornfeld , the dg quotient DEJA
-modYperdg Ca) is

a dg enhancement of Dsg IA) .

Recall The normalised bar resolution BAHAI ⇐ A ④TsA- ④A AEAK.se
Note that BartA)DAX is a dog projective resolution of X .

Def The Yoneda dg category Y of A
• objects : the same as those in DMA-mod)
• Morphisms : yfx.ge/yomafBarfAiOaX,Y)=itIoHomlsA'i0X , Y)
• Composition : o. f : Saima→ a

Yly, 2) x y IX. 4)→ Ylx, 2) g : sa*nox- Y

f-08¥ . . Saint c)E G)MINHSai ④ in ④sTm④g(same . -no sotmxmk))

Prop Y is a dog enhancement of DHA-mod) .
HTyKxD=Ext*aH .

x)
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Def DKK) E SA ④X graded noncommutative differential p- forms
aintz - Quillen 95

Rem Rnpdx) carries a left dg A-module structure :
AoDfsai ④ . - -⑥step④c) ⇐ saoat ④ . . - ①say④Kt III thisAID . -⑦Saia, ④ . . -⑥ say ⑥K

+G)P Soto ④ - - - ④ soipy ④ Apk

Def The singular Yoneda dg category SY of A
• objects : the same as in DHA-mod)

t ↳ Wks
• morphisms :

Sy ,× , y) ± the colimit of the following complexes
YH.YHYH.sn'd'd) as . . - es Ylx,Bick) as YH, skittles . . .

f- ~ OrrickOf idsaOf
where Orendid C- Y(Rinck) , Dnf'M'd) E Eto Hom(sAoi④ SAMO 's , SAM'

④Y) is given
by the identity map sa Hey→ SA'M ④Y

7hm (Chen-W .
21) Sy is a dog enhancement of Dsg (A) .

Rem Sy is a
"

dg localisation" of y .

(y-Sy satisfies a universal property) .
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1) An explicit realisation of Krause's equivalence Dsg (A)→ Kadaand
'

Rem since A¥0 in Dsg IA) , the complex Sylt . x) is acyclic for XEDsgCA) .

But SYCA .
X) E Kada-Tnj ) .

Thm (Chen-W .
22) Krause's triangle equivalence is naturally isomorphic to

SyIA ,-7 : DsgIA es Kada-3njY

2) A generalisation of Smith & Chen-Yang's equivalence Dsg(RQBD e-Per (LIQ))

Let A- Rats be a finite dimensional k-algebra .
Denote E- ⇐ Rao

.

Rem Replacing ④ by ④e in the definitions of Brick) and Barla) , we may
define the E-relative singular Yoneda dog category SYE

Prop ( Chen-W .
21) Let A- ROB? Then there is an isomorphism of dg algebras

SYE(E, E) I 40190
As a result

.
Smith & Chen-Yang's equivalence is isomorphic to

Dsg (A)Ets Perlsye#ETP) to perf401)



Que How about general algebras A- Rats ? 6

Idea • (Satraps 1988) A-ROI is a deformation of A = RQTJ?
That is

. A EA as E-E- bimodules ( Oo = Qo)
and (ATM) EA as algebras where neeta .A) is a Mauer-Cartan
element of A.AT .

8
.
Et) 8Mt ELM .ufo

• (Chen-Li-W
.
21) there is a morphism of dog tie algebras

4 : A.AT- 481
. LIED± Eko Honk i. LIED

µ no d .

. 407→ LIQ)

7hm ( Chen-W . 21) Let A =Rats .
Then there is an isomorphism of dog algebras

SYHE.EE (LCE ) , d)op
As a result

,
we have a triangle equivalence

Dsg (A) SYEE.IO perkyEEETP) to Perl 401 , d )

7hm ( Keller-Y
.Wang a) The dg algebra 1407 .d) is a derived localisation

in the sense of Braun - Chuang- Lazarev) of the Kostal
dual of A .



Rink . The above construction works for Ao - algebras A. which can be used to7
describe the generalised cluster categories (Chen - Keller- W .

in progress ) .

Smith
.

Chen-Yang
• Dsg(A) to PERCHED

DgYf, emrfhfayd.ae,
A purely deformation-theoretic proof ?

Ex A-RQts-k.de/HBa.BaB)
• A is a deformation of E- ROTH where E=4G×2tz
• The Maurer-Cartan element µ : katakana

Y

Koy ↳ tz

Yok hot ,
• The dg Leavitt path algebra

vortex ÷:¥¥÷÷÷÷÷÷÷÷:*
.

dx=y*ti , dy=x*tz . dtF=x*y* , dtE=y*x*,
dt=dtz=dx*=dy*=o
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Thank you !


