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§1. Notation and Terminolog)z
A: a finj

Mod A : the category of right A-modules
mod A finitely presenfed right A-modules

- A monomorphism M—>N in Mod A is pure if the induced marphism
M®,L —>N®L is monic for oll L€ ModA”.

- A full SubcaTegory X € Mod A is definable if it is closed under direct limifs,

direct products, and pure submodules .

* MeMod A is pure-injeclive if any pure monomorphism M—N slplifs.



A : an abelian cafegory, X A afull subcafegory closed under
isomorphisms

“ A morphism f:X—Min A is an X -precover it X€X and
HomA(X:f) is surjective for all Xe X,

- A morpf\ism f X—>M in A is an X-cover if il is an X -precover
end any h€ Endy(X) with feh=F is an isomorphism .

* A morphism § - M—>X in A is an X-(preyenvelope if g is
an X-(pre)Cover in AT



8 <= A: a full Subcdfegor/y

e ::{MGJ‘” Ext,;(C,M):O'VCG&} ‘L'(f := {Me}H Exty(M,C ):O'VC e&}

J->o€ - {MeA ) ExtA(M’C )ZO'Vceglvi_ >0}

X, ;‘j < A : full Subcafegories
* (X,Y) is a colorsion pair if X"=% and *Y =X .

* A cotorsion pair (X,Y) is complefe it for "Me A,

0> Y—>X—>M—0:ex., T0>M>Y > X' —0 :ex.
m m m m
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* A coforsion pair (x.Y) is perfect if every Me A has an X-cover
X—M and a J-envelope M —>Y.

( If A has enough projecfives and enough injecfives,)

then any perfect coforsion pair in A is complefe.

* A coforsion pair (X,J) is hereditary if Extly(X,Y)=0 for all
XeX, Yey,and (>0.

When A has enouyh ProJ'ech'vesl a colorsion pair (X,j) IS /:erea/ifafy
iff Xis reSo/l/in(y, e, () ProJ'.A s X, (i) Xis el und. exf., and

(i) 0Xs=X2a > X, >0 :ex = X:€ X .
e 72
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§2. Basics from Comnﬂufa'f.‘ve rin3 ﬂ:eory

(R,m, k) : a comm. neeth. local ring
MeModR  depthy M:= inf {i | Exti(k,M)#0} (inf 6 =o0)

* X=zx,..,x;: (x;eR) s M-regu/ar it ) M/,...x;.)0M ﬁ;l"]/{x.,...,x,-_.)”
[<% <( and

(X is weak M-requlor if (1) is salistied ) (@) G x)MEM.
Fact 0#MemodR = depthgM = max{i | 2x=x, _ x: : N-regular}

/-’ MOJR_;MOJR
M —> {xeM/[ nyo0 st. M-x =0}



Rlw : D(R)— D(R) D(R):=D(Mod R)

Hy = H'REZ,

i th IOCAI Co/mmo’nay funcfor-
Xe DR)  infX:=inf{ilHX#0}

Foct depthM:infR’;cM <dimR, VHEMOJR.

+ MemadR is maximal CM if depthgMz dimR.

( Cohen -Mncoulay )



Ris a CHM local ring if il is maximal CM as an R-madule.

* A cononical module of R is a maximal CM module wy s.t. inj. dimp Wy <00
and Extg (k,wg) =k, where d:=dimR.

Fact MemodR is a canonical module if and onfy if M is o dualizing complex
for R, i.e., RHomg(~,1) induces an equivalence Dy(R)"——DyR).

Rem ° A canonical module of R g R:cHm.

If a canonical module exisls, it is unique up fo isomorphism.



R : comm. noeth. ring

« MemodR is maximal CM if dePThR“M“ Z dimRm for all maximal ideals m
of R.
* Ris a CM ring if it is maximal CM as an R-module.

* wemodR is a canonical module of R if Wa is o canonical module of
Rm for all maximal ideals m of R.

CMR := { maximal CH R-MOJuIeS}

Facl 2w : a canonical modu/_e of R
= CMR = {MemodR| Exta(M, w)=0"i >0}



Rﬁﬂ R-' CM & Rf : CHM VféSPecR

RJ, :CM <=>/R} CHM & f{} has o canonical module Q/ﬁ) _

(’@::/\?Rf /\’::L'r_n(—ozaak/y"))

nzi|

Fact (Rom, k):CM  d=dimp

Wg = Homg (HA(R), Felk))
loca] dua/ib
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§3 Large CM modules and [arge canonical modules
R: a comm. noeth. ring
Def We call MeModR Jorge CM if depthy,My 2dim Ry for allp €Spec R.
LCMR :={large CM R-modules}
Prop LCM R is a definable subcafegory of Mod R.

Rem (modR) N (LCMR) = CMR.
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Def R:CM

We call Cri= Twg o large canonical module of R.
f€$pg¢'k

Lem R:CM
(1) LCMR={MeModR | Extg(M, cx) =0, (>0}

(2) CR iS Fure-injecfive.
(3) CrelCHR.

Def R:CM
An R- algebra A is called an R-order if A is maximal CH as an R-module.

R —P>A Mod A —fi) Hod R
Z(A)
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Cor A: on R-arder, LCHA:={MeModA [ f(m)elLCMR}
Ca = Homg (A, Cr)

1) LCMA={MeMedR| Exty(M, ) =0, (>0}
(2) Ca is Fure-injecfive.
(3) ChelCHA.

We coll Cp a /arge canonical module of the R-order A .

(FlatA<LCMA)
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84 Lorge CM opproximations

Thml (N) R:a CM ring, A: on R-order

(LCMA, (LCMAY") is a perfect heredi tary coforsion pair in Mod A
(complete )

Proof. & := {CA}‘_ Then LCMA = "€ by the corollar)z above.
Appﬁr The fheorem below. O

Thm (Eklof and Trlifaj, 2000 ; Gobel and Trlifa; ,20/2)

A:a ring € : a class of pure—injecfive modules

= ( ¢ L (E)") s aperfecf hereo/ifar/ coforsion pait.
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Def (R.m') : comm. noeth. local Hnd . d:=dim R (x;ew, dim R/tx,, ... xq) =o)
An R-module M is 19.3 CH if fhere eXisfs a s,ysfem of paramefer.s X=X.,..,xd of R
st. XA is M—regu/al'- (Hochster, 1975)

bolanced big CH if every syslem of paramelers of R is M-regular,
(Sharp, 1981)
weak balanced bi3 cn if every s;sfem of /Daramefers of R is
weak M-reju/ar. (Holm , 2017)

0
™n
bbCM R -'-‘I{ bolanced bij CM R-modules } = wbbCM R -'={Weak balanced biy CM R""OJ“ICS}
(V) Ui
CMR\ {o} CMR
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Rem In 3eneral, wbbCM R € LCMR.
The e?uo.lif/ holds if R is CH, bul this is not @ necessoty condifion .

By this remark and Thm1l, we have fhe perfecl hereditary cofotsion pair
(wbbCM R, (whbcMr )") = (LCM R, (LCMR)M)

whenever R is o CH local ring. So Thm 1 recovers and generalizes:

Thm (Holm,2017) R:a CM local ring with a canonical madule

(whbCMR, (wbbcMR)") s a perect hereditaty coforsion pair.
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Def R:CHM local, R‘f"/\f an R-order
BbCMA := [ MeMsdA | #(M)ebbCMR}

A balonced big CM cover of MeModA is a (b6CMA)-cover.

(precovet) (ptecover)

Def R:CM, A:an R-order
A /ar{?e CM cover of MeMod A is an (LCM A)- cover.
(precover) (precover)
A /arﬂe CM albproximafion of M€Moo{A IS an eXacf S‘e?aence
0->-N—/ —sSM—0 .

m,oo.
(LCMA)" (LCMA)
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Cor2 (R,m):CM, A:R-order , 0#N € ModA
Let §:M— N be an LCM cover of N, which exisTs by Thml.

(1) N#mN D Ff is o BCH cover.

QD N2 R > and M=H.

(3) N = HrN) and M= HM(M) . Ha* () := H° LA™
0th local /lomo/ogf funclor

Rem (2) generalizes a result of Simon (2009) where A=R.

(1) Holm (2017) where A=R and BWR .
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§5 A Govorov-Lazard Type resull for /arJe CM modules

Thm3 (N) R:aCHm ring with a canonical module w , dim R< oo
RL)A : an R-arder, CMA := {MemodR | eM)eCM R} = {MQxima/ CM A-MOJules}

A ri‘ﬂ\f A-module s large CH iff it is a direct limil of maximal CM A-madules.
Conse9uenf/)«, LCMA is the smallest definable subcalegory Confam'nj CHMA.

Rem IfA=Raand Ris local, Thm3 is essenTiaI} due o Holm (2017).

I_i_lg Proj/\ = Flaf A < [’L," CHA = LCMA f _{:_rg modA = Mod A
The equality holds iff R is atlinian.
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Def R :CM, A:anR-order

A is non-sinqular if J/.dim Aw=dim Rm, For all maximal ideals m of R.
A is Gorensfein if Ca is flat (and cotorsion).

Rem A is an Gorenstein R-olgebra in the sense of GoTo = Nishioa (2002)
iff A is & Gorensfein R-order in our sense.

When R has a canonical module, A is a Gorenslein R-order in fhe sense of

I)rama"Wem):ss (2014) iff A is o Gorensfein R-order in our sense.
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Thm¢ (N) R : a CHM ring with a canonical module w , dim R< 0o
J
A : an R-arder

A: non-Sinjular & (LCHMA, (LcnA)!) = (F/aTA, COTA)

” known
v

A : Gorenslein & (LCHMA, (LcnA)") = (GFlaTA, (GF'Q"'A)-L')

Rem If A=R and R s local, Thm% s essenfiall/ due 1o Holm (2017).
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Skefch P}'Oof of Thm3 and Thm ¢

Lel wp :=Homg(A, wy) . Reduce the proof fo the trivial exlension Awwy,
which /s o Gorenslein R-order.

If A is Gorenslein, Frod (C4) = froJ( 77 Aa.) = Proo ( T Homg(Zi(m), ER(’VMR))

0 reSrecA
so that trofca} = GFlat A by Kanola-N (20271)

3
The rest argumenf is similar (SPP—CA':" {i'\JGC-inJ-A”—modules}é)
fo Holm's approrch. P ——— Ier(p)

O
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Ex (R,m): resular, dimR = |

I A= [: :] is non-singu/ar.

(2) A= [P\ 4:/] is Gorensfein.
R

(3) A: [R 0] IS r)()]l Gorens'f‘ein.

R R

Q = R(o)
FlatA # [Q R] € bbCMAcLCMA
(pure-inj. if R=R)
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§6. Lar‘ge canonica] modules as cofilting objecls
Thm (Hrbek -N-Stvicek ,2022) R:cCM

Cr is a Cofi’fihj objecf in D(R) in the sense of Psaroudakis-Vitéria
(2018)

If dimR<oo, then Cr is a coff/finJ module in the sense of
/\nge/eh' HUJeI-Coe/ho (2001)

Rem 1n the above theorem, Cr and D(R) can be replaced by Ca and D(A) Afor
an R —order.
We have inj.dimgCp =dimR and inj.dimA Ca = dim R/ anng A .
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