
The definable subcategory induced by a large canonical module

Tsutomu Nakamura (Univ. of Tokyo )

FD seminar (Feb
. 10,2022 )

§ 1
. Notation and terminology

§ 2
.
Basics from commutative ring theory

§ 3
. Large CM modules and large canonical modules

§ 4
. Large CM approximations

§ 5
.
A Govorov -Lazard type result for large CM modules

§ 6
. Large canonical modules as co tilting objects

I



§ 1
.
Notation and terminology

A : a ring

Mod A : the category of right A-modules
mod A : finitely presented right A-modules

• A monomorphism M > N in Mod A is pure if the induced morphism
M④AL > NIDAL is monic for all L c- Mod A"

.

• A full subcategory ✗ c- Mod A is definable if it is closed under direct limits
,

direct products , and pure submodules .

• MEMod A is pure - injective if any pure monomorphism M > N splits .
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A : an abelian category , ✗ c- A : a full subcategory closed under
isomorphisms

• A morphism f : ✗→ M in A is an X-precover it ✗ c- ✗ and

Homs /X
'

,
f) is surjective for all ✗

'

c- X
.

• A morphism f : ✗→ M in A is an X - cover if it is an X-precover

and any he Ends (X ) with f-oh =f is an isomorphism .

• A morphism g : M→ ✗ in A is an X - (pre ) envelope if g is

an X - (pre ) cover in A
"

.
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EEA : a full subcategory

E" :={MEA / Ext'A(C. M ) = OYCEE }
" E := {MEA / Ext'A(M, C) = 0

,

EEE }

↳of := {MEA / Ext (M
,
C) = OYCEEYI > 0 }

✗
, y c- A : full subcategories

• IX. Y ) is a co torsion pair if ✗
"
= Y and " Y = ✗ .

• A cotorsion pair IX. Y ) is complete it for
"MEA

,

⇒
0→ y→ ✗→M→ 0 : ex

.

,

⇒
0→ M→ Y'→ ✗

'

→ 0 : ex
.

A in
in a

y ✗ Y ✗
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• A colors ion pair IX. Y ) is perfect if every MEA has an X - cover

✗→ M and a Y - envelope M→ Y
.

IfA has enough projectiles and enough injective s , )( then any perfect cotorsion pair in A is complete .

• A colors ion pair IX. y ) is hereditary if F-✗ tis IX. Y1=0 for all
✗ c- ✗

, YEY ,
and i > 0

.

When A has enough projectiles , a cotorsion pair IX. Y ) is hereditary )( iff ✗ is resolving , i. e. , 4) Projet c- X , Iii ) ✗ is d. und. ext. , and
Ciii ) 0→ Xs → Xz → × , -70 : ex ⇒ ×, c- ✗

.
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§ 2
.
Basics from commutative ring theory

(R
,
M
,

K ) : a Comm . noeth
.
local ring

MEMOIR depth ,zM:=inf{ it Extirlk . M ) -1-0} ( info = cs )

• A = Xi
, . . . .
Ki (K; C- R ) is M - regular if (1) MICK

, .
. . ,X;- 1) M MICK

. .
. . ,X;- 1) M

1st; si and

( ki is weak M- regular if (1) is satisfied. ) (2) Cx., . .,xi)M -1-14
.

Fact 0=117 c- mod R ⇒ depth ,zM=ma×{ it ⇒
a -_ X.

, . . . ,xi : M - regular }

Tm : Mod R→ Mod R

Yy , > {✗EM / ⇒n >os.t.mn -2=0}
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Rtm :D /R ) > DIR ) DIR ) :=DlModR )

Him :=HiRTm
ith local cohomology functor

✗ c- DIR) infx :=inf{ it Hix / o }
confected

Fact depth ,zM=infRTmM< dim R ,
"
MEMOIR

.

• MEMOIR is maximal CM if depth ,zMZdimR .

( Cohen -Macaulay )
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• R is a CM local ring if it is maximal CM as an R -module
.

• A canonical module of R is a maximal CM module Wr S. -1 . inj . dimpwpccs
and Extrlk . Wr ) Ek

,
where d := dim R

.

Fact MEMOIR is a canonical module if and only if M is actualizing complex
for R

,
i. e.

, Rtlompf , M ) induces an equivalence

D.by/RYP-sDbfglR).M:dualizing,infM=O
,
M→I : minimal inj. resol. > Ii I ① ERIKA) "

iz o
i -- d-dimply

Rem
⇒
A canonical module of R R : CM

.

If a canonical module exists
,
it is unique up to isomorphism .
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R : Comm
. meth

. ring

• MEMOIR is maximal CM if depth rmMmZ dim Rm for all maximal ideals M

of R
.

• R is a CM ring if it is maximal CM as an R -module
.

• we mod R is a canonical module of R if Wm is a canonical module of

Rm for all maximal ideals M ofR
.

CMR :={ maximal CMR-modules }
-

Fact 7-
w : a canonical module of R

→ CMR - {ME mod Rt E×tÉ(M , W )=o " i > 0 }
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Rem R : CMC > Rg : CM "
y c- Speck

Ry : CMC > RJ : CMC > Rig has a canonical module wig .

( Ry :=ÑRy At := lying
,

1- ④
* Ran ) )

Fact ( R , M, K ) : CM D= dim R

WE E Hom r(Hdm(R) , ERIK ) )
local duality
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§ 3 Large CM modules and large canonical modules

R : a Comm . noeth . ring

Def We call MEMOIR large CM if

depthpy.my?-dimRyforallLESpecR.LCMR:--{ large CMR - modules }

Prop LCMR is a definable subcategory of Mod R .

Rem (mod R ) NILCMR ) = CMR
.

11



Def R : CM

We call Cr :=T1Wñ
,
a large canonical module of R .

LESpeck

Lem R : CM

(1) LCMR = {MeMod Rl Ext,É(M, Cr )=o , I > 0 } .
(2) CR is pure - injective .

(3) CRELCMR .

Def R : CM

An R - algebra A is called an R-order if A is maximal CM as an R-module
.

R
✗

> A Moda ModR

'

z(AT
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Cor A : an R-order
,
t.CM/t:=tMc-ModAl9*lM)c-LCMR }

CA :=Homr(A. CR )

(1) LCM A = {MC-ModRIF-xti.FM, CA ) = 0 ,
i > 0 }

(2) CA is pure - injective .

(3) CAELCMA .

We call CA a large canonical module of the R-order A.

LCMA is also a definable subcategory .

(FlatAELCMA )
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§ 4 Large CM approximations

Thmt (N ) R : a CM ring ,
A : an R- order

( LCMA
,
(LCM A)

" ) is a perfect hereditary co torsion pair in Mod A.
( complete )

Proof
.
E : = {CA }

.

Then LCMA = "E by the corollary above .

Apply the theorem below
.

☐

Thm (Eklof and Trlifaj , 2000 ; Gobel and Trlifaj , 2012 )

A : a ring E : a class of pure - injective modules

→ ( '→E. (
'→E)
" ) is a perfect hereditary colors ion pair .
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Def (R.me) : Comm
.

noeth
.
local ring ,

d := dim R (Riem
,
dim Rkx.. . .#d) = 0 )

An R-module M is big CM if there exists a system of parameters A--X . , . . . ,xd of R

5. t.lk is M - regular . (Hochster
,
1975)

balanced big CM if every system of parameters ofR is M-regular.
(Sharp , 1981 )

weak balanced big CM if every system of parameters of R is
weak M - regular . ( Holm ,

2017)

¥
bbc.HR :={ balanced big CMR-modules } 9- wbbCMR :={weak balanced big CMR-modules }

UX UX

CMRI { 0 } CMR
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Rem In general, wbbcMR C- LCMR
.

The equality holds if R is CM
,
but this is not a necessary condition .

By this remark and Thmt
,
we have the perfect hereditary colors ion pair

( wbbCMR
,
(WBBCMR )

" ) = ( LCM R
,
(LCM R )

" )

whenever R is a CM local ring .
So -1hm 1- recovers and generalizes :

-1hm (Holm
.
2017 ) R : a CM local ring with a canonical module

( wbbCMR
,
(WBBCMR )

" ) is a perec-1 hereditary colors ion pair .
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Def R : CM local
,

RIA : an R - order

bbc.tl/t:--fMc-ModA19*lM)c-bbCMR}

A balanced big CM cover of Me Mod A is a (bbcMA ) - cover.
(precovery (precovery

Def R : CM
,
A : an R - order

A large CM cover of Me Mod A is an (LCM A) - cover
.

(precover) (precover)

A large CM approximation of Me Mod A is an exact sequence

0 → N→ L → M→ 0
.

A A

(LCM A)
t ' (LCM A)
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Cor 2 (R.me) : CM
,
A : R- order

,
0=1 NE Mod A

Let f : M -7N be an LCM cover of N
,
which exists by Thml .

(1) N =/MN ⇒ f is a bbc.tl cover
.

(2) N=Ñ ⇒ and MEÑ
.

(3) NE HEYN) ⇒ and ME HYIM)
.

Homt) :=H°LAm
0th local homology functor

Rem (2) generalizes a result of Simon 12009) where A=R
.

(1) Holm 12017) where A=R and ⇒

WR .
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§ 5
.
A Govorov -Lazard type result for large CM modules

Thm3 (N ) R : a CM ring with a canonical module W
,
dim Raw

R
✗

>A : an R - order
,
CMA : = {MEmod R1 9*114) c- CMR } = {maximal CMA-modules}

A right A-module is large CM iff it is a direct limit of maximal CMA -modules .

Consequently , LCMA is the smallest definable subcategory containing CMA .

Rem If A = R and R is local
,
-1hm 3 is essentially due to Holm 12017 ) .

lim→ proj A = Flat A C- ling CMA = LCM A c- ling modA = Mod A
T

The equality holds iff R is artinian .
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Def R : CM
,
A : an R - order

A is non - singular if gl - dim Am -_ dim Rm for all maximal ideals M of R
.

A is Gorenstein if CA is flat (and co torsion ) .

Rem A is an Gorenstein R - algebra in the sense of Goto - Nishida 12002)

iff A is a Gorenstein R-order in our sense .

When R has a canonical module
,
A is a Gorenstein R - order in the sense of

Iyama - Wemyss (2014) iff A is a Gorenstein R - order in our sense .

Caution "

Gorenstein " in our sense can be stronger Than
"

Iwanaga - Goren stein
"

if A is non - commutative .
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Thm4 (N ) R : a CM ring with a canonical module W
,
dim Recs

A : an R - order

A : non - singular < > ( LCM A
,
(LCM A)" ) = (Flat A. CotA)

① known

A : Gorenstein ( > ( LCM A
,
(LCM A)" ) = (GFlat A

,
(G FlatA)

")

Rem If A-- R and R is local
,
Thm4 is essentially due to Holm 12017 ) .
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Sketch proof of Thm3 and -1hm 4

Let WA :=Hom£A , Wr ) . Reduce the proof to the trivial extension AXWA ,

which is a GorenStein R - order
.

If A is Gorenstein
,

Prod (CA ) = Prod / IT ty ) = Prod ( ITHOMRCIAOPIP) ,EpfR/pnR) ),
y c- Speck

µ
PESpect

so that
'
→ {CA } = GF /at A. by Kanda - N 12021 )

7-

The rest argument is similar ( Spect→ { indec . inj . A
"
- modules}

P I 7 IAOP (P)to Holm 's approach .

☐
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F- ✗ (R.me) : regular , dim 12=1

(1) A- = [I E) is non - singular .

(2) A- = [Pg! is GorenStein
.

(3) A- = [Pg or ) is not Gorenstein
.

I := Rio)

FlatA $ [QR] c- BBCMACLCMA

( pure - inj. if R=R^ )
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§ 6
. Large canonical modules as co tilting objects

Thm_ (Hrbek -N - 5. tiicek
,
2022 ) R : CM

CR is a co tilting object in DCR ) in the sense of Psaroudakis - Vitoria
(2018)

.

If dim Recs
,
then CR is a co tilting module in the sense of

Angeleri Hagel - Coelho 12001 )
.

Rem In the above theorem
,
CR and 1) (R) can be replaced by CA and DCA) for

an R - order
.

We have inj.dimrcr-dimkandinj.dimACA-dimklannp.lt .
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