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Quivers and path algebras

K: field, K = K, char K = 0.

D = Homg(—, K).

Q: finite connected acyclic quiver with at least one arrow.
KQ: path algebra.

Note dim K@ < oo and gl.dim K@ = 1.

Theorem (Gabriel)
KQ is representation finite if and only if ) is Dynkin.
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Preprojective algebras A, degea=o
e (): double of Q. Bi2g mQ - T degof=1
® pi=3) e, 00" —a‘a € KQ.

*
® pj = €ip = P& = Zc\of— Zaa
MCIEN Hle)=i

Definition (Gelfand-Ponomarev)
The preprojective algebra of Q is II := KQ/(p) K&/q, liea>

Theorem (Crawley-Boevy)
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Calabi-Yau properties

Theorem (Auslander-Reiten, Crawley-Boevy)
© IfQ is Dynkin, then

dimII < oo, II: selfinjective, II — mod: 2-Calabi-Yau.
@ I/f Q is non-Dynkin, then

dimIl = oo, gl.dimIl =2, Dgy(II): 2-Calabi-Yau.
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Quiver Heisenberg algebras [X,YX,\A] =0 [%DY/VH o
e For a € Q, set n, = [a, p] = ap — pa.

Definition (H-Minamoto)

The quiver Heisenberg algebra of Q is A := KQ/{n, | a € Q).

Remark
o More general version modified by parameters v € (K*)%0,
e Etingof-Rains: central extensions of preprojective algebras.

@ Cachazo-Katz-Vafa: N-quiver algebras.

Note peZ(/) N <> = kQcy =TT
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Example

a b
let Q: 15253 Then@: 17 27
N

a* b*

RS

Ne = abb® — 2aa*a
n, = a*ab — 2bb*b
Ng* = 2a*aa™ — bb*a*

myx = 2b*bb* — b*a*a
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Cop o Anl?
Main results fEh‘mgo\C-Ra;mj dimA = Z Qi)

G- Oymk;{m,
Theorem (H-Minamoto)

As KQ-modules Ae; ~ @ ,; M®ImeM - ywhere the direct sum is taken
over all indecomposable preprojective K (Q-modules M.

Theorem (H-Minamoto, Etingof-Latour-Rains, Eu-Schedler)
© IfQ is Dynkin, then

dimA < oo, A:symmetricc A — mod: 3-Calabi-Yau
- Syriiertie, A T PR Jrhdlabim Tad

0= D) —-AB A0 isexact.
@ IfQ is non-Dynkin, then

dimA = oo, gldimA =3, Dgy(Il): 3-Calabi-Yau

0>ABASTI—=0 isexact.
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Higher preprojective algebras

Let A: finite dimensional K-algebra with gl.dim A = n.
Set v = D RHom(—, A): DP(A) — DP(A) and v, = v o[-n)].

Definition (lyama-Oppermann)
The (n + 1)-preprojective algebra of A is II,,11(A) := T4 Ext’i(D(A), A) J

If A= KQ, then II,(KQ) = 1I.

Definition (lyama-Oppermann, H-lyama-Oppermann)
Q A is n-hereditary if H{(1},(A)) =0 for j € Z and i & nZ.
@ A is n-representation finite if there is an n-cluster tilting A-module.
@ A is n-representation infinite if H(14,(A)) = 0 for all j < 0 and i # 0.

Theorem (H-lyama-Oppermann)

If A is ring indecomposable, then A is n-hereditary if and only if A is
n-representation finite or n-representation infinite.




Higher preprojective algebras

Theorem (lyama-Oppermann, Amiot-lyama-Reiten)

© If A is n-representation finite, then
dimIT,,41(A) < 0o, II,41(A): selfinjective,

I, 4+1(A) — mod: (n + 1)-Calabi-Yau.

©Q If A is n-representation infinite, then
dimII,,11(A) = 00, gldimIl,41(A)=n+1,

Dtq(II): (n + 1)-Calabi-Yau.
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Quivers with potentials
Theorem (Keller)

Assume A = KQ/I, where I is admissible. Then there is a quiver with
potential (QQ, W) such that II3(A) ~P(Q, W).

Bx @« 1-92-3 [={aby A-ka/
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Double cover

Ap A Ay A Ay A
A[z]::[o 1]@[2 3}@[4 5]@._.

0 Ao A1 A2 A3 A4
L [2]_ AQ A1 . KQ A1
e[l - [

Define the quiver @[2] by E % 0
L, .

@ two vertices 4, i’ for all i € Qq,
o o
&ejo four arrows a: i — §, a': i — §', a*: § — ', a’*: 5 i, for aII
arrows a: i — j in Q.
—[2 —[2
:Zaa*—a*a'EKQH p'::Za'a'*—a'*aeKQH

a€Q1 ac@n

Proposition
We have Al = P(Q™, —pp') and B = P[@Q”,—pp')o J
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Example

a b

let Q: 1%2%3 ThenQ: 17 27 3 and
r vl
—pp' = —2aa*a’a”™* + abb*a’™* + 'V'V*a* — 2067V V*
N S S
AT 2N W= -ef
& A
I/——'a—l'ﬁ 22—
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12 /13



2_hered |tary algebras

Theorem (H-Minamoto)

©Q gl.dim B = 2 and II3(B) ~ AP, Moreover, B is 2-hereditary.
@ If Q is Dynkin, then B is 2-representation finite.
© If Q is non-Dynkin, then B is 2-representation infinite.
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