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Lg 05
1 Exact categories
An exact category is a pair Cd E where

it is an additive category
eEactis a distinguished class of shortexactsequences
structure Ctsomeaxioms

Extremecases

a Emin split exact sequences Emin E VE

Lb Emax fall shortexact sequences HE E Emax
if A isabelian
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1 Exact categories

An exact category is a pair Cd E where

it is an additive category
eEactis a distinguishedclass ofshortexactsequences Xinyitz
structure Ci admissible mono d admissibleepi
Axiomaticsetting Heller60 Quillen 73 Keller 90

Ask Extetz X O X six 42 0 Ses in E todefine an additive
bifunctor Axed Abf splitseq Ks tot Z
Xp I've
Xs Is 2 in E

ugly Iz ik
plus composition of admissiblemonos is an admissible mono

composition of admissible epis is an admissibleepi
Ext is a closed bifunctaor
compare relativehomology by Buchsbaum 58 ButlerHorrocks 61
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1 Exact categories CA E Examples
c A E Mod R extension closedsubcategory

E Email a leg A Thiago A Fcs 1Effing

d A BANachspaces not abelian f epi Imf dense
E E ma butquasiabelian

e one point extension I TINY
k 0

Mt
A model

Drexler
E f OWY 2aos.es n1i splits Rguinteffiggg
h Solberg

model Emax

mode qugdoeduce
Resembles Roiter's boos reduction technique

model Emi
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9 15

2 Projective objects in CA E

P'c A is E projective Exte B I O

HowCP exact ou E

PCE E projective objects

Examples 1 E Emin PCE A semisimple

2 E Ey Eptextension mod t e PCE
Nowdo E relative homologicalalgebra
Study PCE resolutions
introduce homotopycategory KLA E

derivedcategory DCA E
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2 Projective objects in CA E

From Krause Homologicaltheoryof representations
Assume A idempotent complete PCE add T

every KE it admits a finite PCE resolution

Then T is a tillingobject in AE and for h EndyCT
ExtinctT O for h 0 thick f e f does not
K PCE HomET I s Kbcprojl see E

115 lls
DbCAE

HomCIT sDPerfcy
example

triangle egaaiuaee.ee

it mod R representation
finitely

F all dudecomposable
E Emin 1 Auslanderalgebra of R
E Em ax add T proj R NE R
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2 Projectiveobjects in CA E

Deline Grothendieckgroup KottE L e

Assume o A idempotent complete PCE add T

every KE it admits a finite PCE resolution

Then KoCA E Koch with 1 Endft
In particular Kott E is a freeabeliangroup withbasis T TnCT_TO F
exactstructure Emin E E E Einar for A _mod R
E projecting modR z PG 2 profR
Grothendieck

group KosptitlR z Koloff z KoCR

P largerrank finer invariant
Roiter's B Blanchette persistence theorySocs reduction
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3 Simple objects in CA E
KoCA E Koth admits a basis by simple Amodules

every MEmod1 hascompositionseries
JordanHildergives uniqueness
m IM f dim M multiplicitiesofsimples
length LCM dim M

Definition SEA is E simple if A sissadmissible monic
implies A 0 or i isomorphism

E composition series Sequenceof admissible monies ij
Os X suisXz Her
with all quotientsYj E simple X Xjr Yj
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3 Simple objects in CA E
Definition SEA is E simple if A sis sadmissible inonic

implies A 0 or i isomorphism

Example For E Emin E simple indecomposable

Schur lemma fails for E simples Ends neednotbe adivision ring
Definition f X Y is admissible if f i od ladmonicoadepic

E Schur LemmatHassounRoy193 Let YYbe E simpleobjects
Then every non zero admissible morphism f X y is invertible

Eudad X wouldbe a division ring if it were a ring
BHT20 Eudadck c EndCt Subring V x_ Aabelian E Emaar

cannot consider EudadCT for T tilting



11/30 FDSeminar (11/30)2021-06-12 06:53:00

3 Simple objects in CA E
Definition SEA is E simple if A sissadmissible inonic

implies A _0 or i isomorphism

yl23Example A rep l 2 3 Egivenby 23 4122
yl2323 712 23 is 123102 admissible

3 Is 2 Isi 23 as 123 not admissible

E Simples I 2,3 23 12 123

E projectiles 3,23 123,2
E Simples do not form
a basis for KoCA E
If HS

1 simples E Ko End T

TheouemIEnomoto 19 Assume u rank Kolb E co Then

CA E satisfiesJordanHolderproperty u E simples
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3 Simple objects in CA E
Definition CA E satisfiesJordan Hilder LHP
any two E compositionserieshavesamelength samequotientsConflatfiso

Allproofs I know of LHP forgroupsmodules th
L N

use some form of Noether's isomorphism theorem Tv

Intersection Sam is notgivenbyaxioms of an exact category
pull back ofadmissible monoY y neednot exist

TheoremIBHT 20

N Lt N exist and are admissiblesubobject VL N s M

it is abelian E E ma x



13/30 FDSeminar (13/30)2021-06-12 06:53:00

3 Simple objects in CA E
This proof techniquecannotbeextendedbeyondabelian case
JAP may still be validwhen Et Emax
Example e Assume A Krull Schmidtcategory E Emin

E compositionseries O c X ask.toXz Cs as Xp Xu X

HP X K X isunique up to isopermutation KrullSchmidt
property

Whatabout Emin e E e Emax
In BHT20 we introduce

generalizedintersection can be asetofobjects III
generalized radical radelM
LAW Artin Wedderburncondition radeCM lo M Esemisimple

Thin ht E Krull Schmidt
and satisfies aw

JAP satisfied



14/30 FDSeminar (14/30)2021-06-12 06:53:00

9 40

4 Length
A E satisfies

Jordan Holderpooped
Deline E length lead to be the
length of an E composition Seriesof t

unique

Have led lect the 2 for O X y 2 0 in E

General case Composition series can havedifferent lengths

Example A KQ with Q ol s s

AR quiver

ESina by X y z
U Y Ye V

a Y.Y.wpeef so uinox.es
YI X y Y Yz f 3

2 composition series
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4 Length for LA E

Definition Set le sup lengthsof E compsoggiehjonof f
Similar height in poset Pact If.gg

V has finite E length all proper E filtrations of X
have common bound on length

Proposition LetCAE beexact category X e it Then

BHT203 Xis EArtin E Noetherian Vadmits a finite
compositionseries

Corollary Let CAE be a JH exactcategory then

Xis EArtin E Noetherian X hasfinite E length
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4 Length for LA E

Definition Set le sup lengthsof E compsoggiehjonoff

he is a super additive function
lead le theCH K O X y Z O in E

For two exactstructures E E E on it we get
lect e le Ct Ate it

f modR le abelianlengthiv ax
ve reduce Lewy until
he ever indecomposable
VI haslength 1

Lenin Krull Schmidtlength
direct summands
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5 Lattice of exact structures Assume it essentially

How many exact structures E exist on a fixed it
What is thestructure of Ex A fallexactstructures on it
It clearly is a poset under containment E E E
Hassoun Langfordpresented this questionlanda conjecture
at the 2018 ICRA

Enomoto 18 Assume it is additively finite
Then any E E ExCid is uniquelydetermined by the
Auslander Rosten sequences which E contains

In particular Excaff is a boolean lattice
ur

Ex He I 2 m AR sequences in A

Emax m steps Emin split exact
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5 Lattice of exact structures

View exactstructure Eas bimoduleExte A x AP Ab
When it is abelian Ext e e ExffC sub biJmodule

Imp'll o Anyadditive A admits a unique maximal
exactstructure Emax Call thecorrespondingbimodal Extif

Consequence Ex CA is a complete lattice
with meet En E En E

and join EVE A E E c E E e E

Remember composition of admissiblemonos is an admissible mono
composition of admissible epis is an admissibleepi
ExtE is a closed subbimodule of Extft
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5 Lattice of exact structures

Well known AR sequences lie in the socle of Ext'sC I

Exte is closed determinedby its

suzimzfy.ee

EItaeeiscmmaxiimmaehus
simoa.eecontaining

theseAR sequences
in case it is additively finite

BBGH20J What about the non closedsub bimodules

I I
Excite c s latticeof closedlattice is sub bimodulesof Extft
A1

I I Al
WEt CA l eaitieeisos Sub Ext f

weakly exact all sub bimodules of Extif
structures modular lattice
all axioms exceptclosedness



20/30 FDSeminar (20/30)2021-06-12 06:53:00

5 Lattice of exact structures
I I

Excite c slattice of closed
a

sub bimodulesof Extff
I I Al

w A c Subtext
weakly exact all subbimodal of Extif
structures modular lattice
all axioms exceptclosedness

Warning EHR c WEKA
Subset but notasablattice
lattice lattice
inclusion inclusion
meet n meets

join v t join t
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