
 

QUANTUM SYMMETRIES THROUGH

THELENS OF LINEAR ALGEBRA

VanNguyen jw GBenKart RBiswal E Kirkman JZhu BBKNZ 21

US NavalAcademy ColorCodes
Knownresults Recall

vnguyen usna.edu
Today'sHeroes

FDSeminar Thingstobedone obstructions

May6 2021 Else togetyourattention

Outline

History Motivation

MainResults Examples

Questions Answers l

Motivation

1 McKay correspondence 11980

Finitegroup G E SUz 2 2unitarycomplexmatricesofdet1

SimpleGmodules S Sz Sm

V e
M

Si V JE MijSj l



mrs Mv Mi man Mckaymatrix fortensoringwithV
my Mc ier has nodes 1 2 m

Migarrowsfromnode i to node j

Mckay E ZI Mv is anaffineCartanmatrixoftypeAD E

E Mv's 2
fq.my

and Is KI Mv E Q

m

McKay 1980 McKayquivers
M 0

affineDynkin diagrams
overG E SHz

H oftypeA D E

Zn I th i
IDn c Dn12
IT c ET

c s Fa
Il e s 8

2 Steinberg 1985 G anygroup over1C char1k 0

Varig fd faithful complex Gmodule with characterXv
theonlyelement of G thatactsas the
identity onVistheidentityofthegroup

X Xz Xmcharacters ofthesimple G modules S Sm
m

Si V JE MigSj ms McKaymatrix M MijV

adjacencymatrix of McKay quiver
z



Mrs dimVI s X11se for s dim

m

I 1
Moreover Mv Ffg Ly tgeG

m m

uns Columns ofthecharactertable areright eigenvectors ofMr
Conjugacyclass representatives give a complete set ofrighteigenvectors

uns Relationship btweenthe McKaymatrix andthecharactertable

3 Ginberg Huang Reiner20 in charp 0

Columnsofthe Brauercharactertable of G are righteigenvectors ofMv
witheigenvalues Ffg where gj are conjugacy class representatives of G
of order p relatively prime to p

Mrs dimV E truthS fors µdi z
righteigenvector

m

fMr dimVII truth.pe torp dimP dimPz dimPm
lefteigenvector

4 BenKart Diaconis LiebeckTiep 20 McKaymatrices andquivers

determine interesting Markov chains

uns McKaymatrices in otherworlds

3



GOAL StudyMcKay matrices forany f d Hopfalgebras
H 1k vectorspace

bialgebra
algebra M H H H ie K ti

coalgebra L1 H H H E H Ik

antipode S H H
KG KEXXz I Xn U

Liealgebraof

MainFindings BBKNZ 21

Let It be a f d Hopfalgebra over a field 1k Ik II char IK O

V any fd H modulewith character try trace truth dimV

Si Sz SmsimpleH modules

Pi projectivecover ofSi
ing ProblemiSi VmayNOTbecompletely reducibleCHisnotnec semisimple

let Mij Si V Sj multiplicity ofSj as a compositionfactorof Si V
M

In theGrothendieckring Si EV JE MigSj
McKaymatrix M Mij m n ms McKayquiver

1 McKaymatrices forHopfalgebras
coproduct of Hi Lt h Zhu ha E H H theH

UV are H modules h.lu v Zhu ee hugv ng U Visagain
an H module

on
us taketraces En tr ha trChu trs h Mijtrsj h

4



DefineTrsCh i trs h tr h try h
T

r z m

MvIrs h NZtruthersTrsChu

Trsg is an

e.g.njeqh.tn

h
9IfYghikegxodggmentg

MvTrsCg1 trulyTrsg us eigenvector

If he 1 Trs 1 E and Mrsatruths dimVII eater y

Projectiveandlefteigenvectors projective

let Qj Qij where Qij Pi V Pj projectiveMcKaymatrix

in

ftp.lhug.trrlhcz trp h Qij.trpg.ch

m

truthHrpCha JE trip x QI jil j

DefineTrph trp h tr h trp hI 2 m

Trph QI In truthz Trphug

left
Forh g grouplike Trpg Qtv trygTrpg

eigirectors Forhe1 IQtr trifle BUTQI isnotquiteMv

theorem BBKNZ QT Mvt V HomK V 1k

us If V V then gives us lefteigenvectors of theMcKaymatrixMr
ms When H is semisimple M Qr In addition if V is self dual then

Mv is orthogonally diagonalizable
5



n3dim't
BDL1120 p BBKNZ Donefor

Example Smallquantumgroup uglsez _ELK E F DIfntefaddaygbek.la
n

Tg primitiventhrootof 1 nodd n 3 kn En O F
KEK q2E E F aEF FE _K
KFK gZF

f g
t

n simplemodules Vo Y Un z Um dimVr r 11

projectivecovers Po P Pn z Vn Chari Premet 1994
um

bothsimpleandprojectivedim2n
V Y dimV 2 dinUn i n

McKaymatrix Mckayquiver

0 I O O n 021I O l O ya a

MV i i
O 0 I O l lo I
2 O O 2 O n n

T
T TzcopiesofVn22copiesofVo

characteristicroots qJtqt 0kgEn i ins only Ilntl distinct eigenvalues

Eigenvectors for uql.sk

Chebyshevpolynomials

f
Holt l U ttt t

Jof2ndKind Ur t.Ur.tt Urett r 2

Let ej c Mo U UnTT where Ur_UrlqJtq
j

ej is a righteigenvector forMv V V with eigenvaluegetty OEjentz

6



Indeed Ur x x Xr Xr2 r 4 tr 2 r

Urloftg't try Kd ej TrsKd tracevectorofthe
grouplikes KJ

Cj0 Ur gotg
o rt I dim Vr eo Trs 1 I

eigenvalues arerepeated 9fauties
uns Notenough eigenvectors Cjand j havethesame

j didNOToccur
g tq forj40 correspond to 2 2 Jordanblocks ingroupcase

LetLott 2 L ttt t Lrtt at Lr It Lrztt r 2

modifiedChebyshev

Prep Lrtt Ural Unit r 32

and Lr Xt x Xr1 X r tr 0

Let tj Ln Ln2 L I where Lr Lrleft'tg't r I

fj is a lefteigenvector forMv V V with eigenvaluegitg't OEjEnt

fo 2 2 2 I th 2n 2n 2n n f I
TdimVnIdimPi

cry SinceeverysimplemoduleVr is a polynomial in V and Vo these
are eigenvectors for Mv foranyfinitedin't Uglslz module V

Example 311

UgGk
7



2 FusionmatrixMv for f d HopfalgebraH

S Sm simples and Pi projective coversof S
M

Cartanmap Pi C Pi Sj Sj C Go
in 1

projectiveGrothendieckgroupko
Cartanmatrix C Cg where Cij Pii Sj
ri rank c

CohenWestreich2008 i AssumeIt is a quasitriangularribbonHopfalg
Thereis a subset PT PT Fr ofthe projectivecovers so that if

Mr Nij r r whereNij IFi V PT then

Nv is diagonalizableforanysimpleHmodule V
Theeigenvectors don'tdepend on V

Thereis a Verlindeformula ie 7matrix fandscalarsdo d ndr
sothat F NvF diag I'd Eda Trdr where I dimSi

correspsimples

Motivation

Verlinde'spaper11988 on diagonalizingfusionrulesfor2Drational conformal

Nvis relatedto thematrix Verlinde used f fieldtheory

BacktoUgSk 1h33odd

c Pe c Pnz e

f Vm Po P Prize
n n nt f i t
Pnz Pn3 Patz

V V
8



Vn Po P
O l O O
2 O l O

m
ie

rxr

Foreachg'tg's
Righteigenvectors I L LmgT whereLk Lkqd'tg'tofNv
lefteigenvectors Veg Y I whereHe Heleft191
ofNv

whereVolt 1 V H t I Vic tYeCt kelt K 2

Chebyshev polynomials ofthe3rdkind

my Chebyshev polynomials are everywhere dense in numericalanalysis

BBKMZ worksall out forDn DrinfelddoubleoftheTaftalgebraHn
n 33 nodd and V is any 2dim1 simple H mod

ForDn therighteigenvectors of Mv are tracevectorsofsimplemods
evaluatedat grouplikes

cus ThereexistHopfalgebraswithMe grouplikes

ForBn only femme ofthe left eigenvectors ofM aretracevectors

ofprojectivecoversevaluated at groupbikes us domoretogetmore
lefteigenvectors

g
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2 WhendoMuand Mu havethesame eigenvalues
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3 What's a good notionof a charactertable for It
Witherspoon didforfdsemisimple almost cocommutativeHopfalgebras
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Truefor 11 1KGgroup algebra
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