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partly Stable invariance of the
"

p power structure
"
on HH

*

CA)

Party Maximal tori in HH ' Cat and the fundamental group

A is finite din algebra over a field K -- I (not needed)

AW -

-
AHA ard HH #CA ) = Extract, Al

-

c,
the Hochschild cohomology of A .



FET HH ya, ± DerklAA#
-

is a finite duieusurial
(
inner deviating

Ta
,
- y )

tie algebra are k

⇐a

bracket : Ca
,
= ap - BL

Recent interest in the structure of HHYA ) Ry D , Lindemann , Scholl , solder Chaparro ,( Benson
,
Kesar

,
Eisele

,

Raidsdreidevs!
If dark =p> o then HH

'

CA ) is a restricted tie algebra

ie there is a p - power- operation HH '

IAI→ HH '
H) : Lt AP

check :

AP (Xy) = I (7) ai caar - icy) = 2Play + xaecy) is a deviation

(and this respects inner derivations)



In fait all of HH >OCA ) -

is a graded neo7¥ Lie algebra .

.

But focus on HH ' CA) :

thank A -

- k¥74 Qld) = PXP
-to Erik

,
is 2×3 = § - i, xitj

- '

ox

⇒ HH ' CA) = span f Q , xdx , - - - xp-'0×1 Kid. )
"
e f %

,

"

? !
,

This is the Tawbson_Wialgba (see RyD - Lindemann '
18)



Motivation
=

: Ned the p power operation to do Lie theory in

positive characteristic . Eg Te L is called a torus

if IT, TT -- o and T -

is generated by elements with xrp=x
if k perfect

EI ( XOx ) is the only to tones in the TW lie algebra above .

rank = Maxdin of torus = I in this case .

Ease this in second half .



Assume A is selfiujedne: then the stable module category
MIA is triangulated

cat of

by Amodates with HomeALMN) = Homa maps which factor( through a pvjedne )

Dein ( Brunei 941 A stakkeguivaleneeoftloitiatype-A-sem.rs
is a pair of boinodubs AM B BNA each projection either side

MqN = A in med Aer & Noah = B ai mode Ben
.



This
-

Induces an eguialuu of Ideals
-gm

med A ⇐ mode B
- Fgm

problem : does every equivalence came from a SENT ?

these are more general than

Etan A&E As
,
deer k=z

derived equivalences

induces a some kAa n kAs using M-- lets

see

" because Ae As lunette sane Sylow 2 Subgroups
"

( Laikebueuns book)

Big problem classify algebras (or groups) up to SENT .

⇒ wait iuvenaits ⇐ because Australe Reiter ajettne)
=



Hochschild cohomology
-

is a deuvvied Marita invariant

but HHOIA ) = ZCA ) not stably invariant :

# ZARAH ¥ 2- (KA s)

Thomsen (Xi
'

02
, Konig , Liu , -2hm

' 12 )
(self in;)

A , B fd Symmetric algebras and A ~s⇐*B , there is on bai

Xi
frm : HH

>9A ) HH'T respecting the /
T Cup product and"

transfer Map, Boac
"
-

gerstenhako bracket
also Liuclcelurau
-

\
KLZ



- proof uses BV operator B : HH# HH*
- '

A Ky) - sexy y - e)
'"

x beep = Ex, GT

- But it is impossible to write the p-power operation.
in terms of D C Ryo thesis )

(And transfer maps do not respect p - power map in general )
- Rgb ' IF

so :

Question (LincKelman) Does the transfer map associated
to a SENT respectthe p - power map ?



(Ry D - tf) Yes for HH (A) E HH ' IAI the "

integrable derivations
"

interesting but a different story
Theorem C- Ryo

'207

=

If A. B one fol . Self injeehie algebras , dunk-- P , and Agent

then tron ! HH>YA) Hypo IB) Tom of ¥-61 graded Lie algebras .

¥ the restricted Lie algebra HH '
CA )

'

is a stable iuvarait
- -

will
corollary maximal tri maximal two . Use in
-

←

ouiHH 'LA) in HH ' Cs) part 2



the proof . uses
the Bcs structure on the

- compare later

Hochschild codrain complex
CA ) work of

Chen
,
Li
,

Wang

• the p - power operation cat be expressed in terms of

the Bb structure ( work of Turchin
'
06

also appendix of our paper
)

Note : Bos algebras defined by Zones - Getter

BET Gerstenhaben defined essentially
the same throng in

of wings and algebras II
"
68 ← cool stuff ."

on the defs -

called them composition complexes
-

'



Part the fundamental group :

het Q be a guier ,
I E KQ admissible ideal

,

A-=kQ fd basic algebra
I

• KO has a basis of paths spit

• I has a basis of m÷ f r= a .
- pi f

T
UO proper sub - sum of r is in I

• say Pi - Pj if they both occur in a minimal relation .



• a walk is a path in QuQ "

up
to the equivalence uelakai generated by

• xaa
- '

y n xy

• xp ,

- y - xpj y if P .

- n Pj

•
it

.
( Q , I ) = twdksr- this is a fee
groups-

using concatenation .

Pick VEQO vertex : doesn't depend one upto ison

This definition -

is due to Martinez -Villa and de la Petra .



Example if I -_ CO) T.IQ,I) = Till Q1)
I

Note : the the topological fundamental group of the
same holds

-

if underlying graph of Q
I. is monomial

Exayyk ( from knew Q=
.

d→
.

I -- Cda) f- ( da - dcb) But

IT
, (QI ) E- 2 it

, (Q , g) = o
KOYI =kQg



So the fundamental group depends on the choice of presentation . . .

we wait to use it, as a stable invaviat that tells

us about the shape of the quiver , but
it isn't

even an invariant of A .

Don't worry !

As lQ
,

It varies (moduli space of presentations of A)

you different- it, CQ
,

I) → generically zero
→ special pits get maximal

findgroupT (Ce Mein)



theorem (Assam -dela Penna
'

96
,
de la Renta Samui

'

cry

For ay presentation A- kQ It there- is a canonical embedding

Hom
,

IQ It , H↳ HH
'
(Al

and the image is a torus in HH 'CA)
.

-

Question: which Tori do you get ? mE7
(le Mein ' lo ) you get all the maximal

Turi if either an

• k has clear o cud Q has no double by passes}
• A is monomial and

Q has no created cycles

and no parallel arrows



theorem (- Ry
D Sanin 21)

For any
A
,
every maximal

torus in HH ' CA) is the

image of some T, CQFF

.

proof uses legruge.in/evpolakai.-
Get a correspondence .

hraauial
fundamental a-

maximal tmi of

groups of
A

HH ' IA )

*

Coz the maximal rank of IT, I Q II) , for any pnesertahui
A -- kQ¥

is a stable invariant ← uses part①



#

NIE
-

if dear k -- o use nark =
dui ④Eat, CQ, It

if din h=p use
p -
nark = dniFp@qtiCQ.I)

→could be bigger if it, has
p torsion !

Max

Fast honk it, CQ,I) E # of holes in Q = tuneup.edu.is/-lQoltlQil
"
equality for monomial algebras

you can tell how may
"
holes

" A has from its

denied ( stable equivalence class

con Derived equialert monomial algebra'
→

compare Avella
- Alanines

e f - Gies senthe alejshare the same number of arrows
L aid Antin zvonareva

Bruner graph algebras.



F-ualapplicahoinh-snp.ly#ed if it. Ca Ig = o fo all pvesatahuis A EKQIt

is this equivalent to HH '

CAI = 0 ? Budweis Liu
,

Yes in lots of cases# Cohelo -

f Lan zilotta
-

SavioIi

but F Coulee example due to Buhweity Lice .
Assam

Lanzi loka
# leMein

Bustamante

CoE Ais aiply connected ⇐ HH ' CAI has no Tori
uses

← both

in particular , being Shipley connected is closed under SENT
parts


