
Eugenio Calabi (now 97) conjectured in 1957 
that CY-varieties admit Ricci-flat metrics.

Shing-Tung Yau 丘成桐 (now 71) 
proved Calabi’s conjecture in 1977.
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varieties
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0.Briefhistoryandoverviewinpicturesttistory.ae
(Right) relative CY-structures were

•

invented by Bertrand Toën in 2014.

• (Rightand left) relative

Cy
-

- structures were elaborated

by Chris Bran and Tobias

Dyckerhoff (2016 and 2018) .
Inparticulier : gluecng .
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• Wai-Kit Yeung introduis relative

CY- complétions in 2016 and
advocate the idea that they are
non- commutative conormal burelles

.

• Bozec - Calaque - Scherotzke

proue 106120) that Yeung 's

idea is justifiée
by Kontsevich - Rosenberg 's
Criterion

.
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Orerriewinpictuaesdgalgebra a manifold
#

orientationCY-structure
(absoute)

dg algebra morphisme ¥ magniofulnddaawgith
B- A → t

| t' ] lui 8¥ orientation
relative CY- structure

s
.

BÔUNDAR AUSIANDER l'% ËÏÊ.Ù.

>
.•

? ?

NO relative CY - structure her !
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s
.

§- ÷
• O

NO relative CI - structure her !

relative } 3- CY complétion
y

f.D q f
Geiss-Leclerc -Schrôer2007

× o n
-÷-÷÷Ë÷

.
.•

y
•c- ← c-

2-clim
.
Cabot Ginzburg alg. 3-clim

.

relative Ginzburg alg.
Ho:preprojalg. W--ZI -

climHtt = - H* = Ho: kW = 0
,
a notfrozensurprise ! { dim Hoe-x

|
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Exercice : Compute the nel. 2- CY complétion of

OD

• c-
Î
÷
•

Hint : The 2-dim .
nel
. Ginzburg algebra is

the Auslander algebra of a 4-dim. selfinj. algebra .



7

1.AbsoluteCY-co.mg/etionsl2
& a perfect field (for simplicité)
A- a dg f- differentialgraded) algebra (assoe. , withI, non com)
CA = 2 dg right A-modules} (A- A

°

: complexesof right A-mod. )
DA = derired category = @Allais") : triang. with arts.coprod.pe-A = {Cie DA IC' compact} = thicklAa) (A-A

°

: Jeblprojrs)
Al = A④AP i CAE - Ldg A-A-bimodules}
A is smooth ⇐ affc-peol.net
Me DAE : M" = RHompelM.AE) e Dl(F)7) e- DIAe)
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Ma = inverse dualizing complex = AU

Fix ne Z
.

Def. (Ginzburg
'06
,
VDB '11) : Ais n- ey ⇐ A" ± EnA in DAE .

Suppose B is a Smooth dg algebra,

Def. l'111 : Tnt, B = labs) (n+1) - ey - complétion
= Tps (w) = Btow ⑦ fugue) ⑤ . . ..

,
w = cofibrantns.ofE?RaThml'11) : Tnt,B is Smooth andCanonicaHy (n+1) - CY.

Example : B : q.fi ⇒ ITZB = 2-clim . Ginzburg algebra :
ta Itil = -1

à df, = - Tea←÷t, dtz = aà
.
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⇒ dim H
*
ITB = - (← Q, # d)2

⇒ HOLMES) -- preprojdg : à.fi?ja2.RelativeCY-completionB-Amorphivm
of dg agebras , AB smooth .

Def. :DRa
,

= relative inverse deealizing complex = (come (AoçA - A)Y c- DAE

Heung %)
② Tn+ZIA,B) = nel. Cm2) - dem. Ginzburg alg, of B-A

= T.nlw) , co - cofib. Ms. ofZ
""

Ra,B .

③ (Rel. La2) - complétion of B-A) = ( Tnt, B ⇒ Tnt, IAB))

Example : A- Ii
§ - A) = j→Ë

.
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Rel
.
3- CD- complétion :

*(
Y ËÏ

µ
?
- für
←.on →De

abs
,
2-ces complétion tel

,

3-clim
.
Ginzb. alg :

= abs
.
2- dim

. Ginzburg alg. dla-t-bc.dk) - ab,
det) = aà - IC

.

dim Htt = -
,
Ho =pneproj.ae/g. Htt = HO is fin. dim. l!)

✓Ho !
.

Jtm l416
,
BCS20) : #+,

B → TantB. At) is smooth and can. ml. cntz)- ey.



|,

Not
. : SI

,

=

"

ml
.
inverse Serre functor

"

= ? § Rais : D'A- En

Rk : Thus
, Tuzla, B) = ¥01Zn

"

5% )
"

(A) in D'A.

yéquivalenceStaps - tri

n71 an integer
B a fin.

dom
. algebra . Suppose B is r- repris . fini

te [ION
,
i. e.

a) modB contrains an n - cluster tilting object M, i.e. M= addM satisfis
M = { Xe modB/ Extp

""
(X.M) -O} = IXemodB/Extasier (M,X) = 0} .

b)gldimB< n .

-
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Cet 8 = ?ÉDB : @B-D'B be the Serre function and define
modBeam B Ign, D'B¥ modB

-
Ià : = higher inverse AR- translation (Iyama

'

07)

be have M = add { EniB) izo} EIOF].

Put A =p - Auslanderalg. of B) = Endos(M).
Abuse of notation :

addM à progA- modA

Tito ⑦ finis ⑦ ftri.rs right ex. extension
addM -projet- modA
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KEY LEMMA : Up to shift andderivation5a.psi@bA-DAistn.ps !

Moreprecisely, ces fonctions D'A-D'A :

znttg.mz-L-tn.rs

Conséquence :
Aneth B) § lI

"S-a.BYIA)
- ¥. ËÆ

C-projet !

Cor
.
i a) Tn+zlAiB) is come in deg. 0, fin. dim.

, affinité gldém,

and

the functor Hotta, B - Tada, B) is Gully faithful

b) Tuzla, B) is internally bimodule Lrt) - ey mnt
. suppLB) in the

sensé of Pressland
'17

.
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Rk : Using the Cor. and the fact that Hotta, B = Intel -preprojalg, =3

is selfinjective [IOB], we obtain a newproof of the fact that

mordB- contours an (rtA - cluster tilting Object (firstprovedin EIOBJ) .

Theproof consiste in sharing the équivalence between the following two diagrams :

848) - Hbc [Palu '093 Jeb - JÉTP)

! ! ! !
8- par → eu Kabir,_ gérer) → sable,

à Ma àEEX !
" X ! la

--pe.ie#j-d se:(rien.am/xscm--et

F- Andain, F- ThadAKB", iklsilietsuppBIE.si?I?ÎÏÈËYËag""§
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F= nel
. prend. domain E perT

= {XeperM / X = l. . 0→ Xn → . . .

→ X. →0→ . . .),
Hi HomIX. , F) = 0, f1EiEn, ttFE addT, F

"

frozen
"}

F" - {Xe RbLM)/similady with FE P}

Rtsi 2) The algebra t'=LIÉ,B) is isom.
to the end

. alg, of the can. (n+1) - oto in E-- malts.

tdoesnotappea.in t'IOBJ. The algebra F is isom.
to the corresp. stable end. alg. .

2) The cat
. 2--4-45') ilB)liez} e- DbB of EIOBI does not appeau in our setup.

3) The contents of p. 13 adapt welt to the setup of r- complete algebras [IA]

(andprobaby mang other settings of higher AR- theory) .
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Appeü:yM2MGnzbugbE

Mo¥sm2-dim.nel.G.dg.org
i. ÷:

"âî%%ü:
•

Auslanderalg. of the Bass
•→ •→ .→ . •←→à→ • "Gg? [ Er Bras ] , poker»

with indie. [ R Rxi], ŒIEn

•
a

si ¥ Ëü %! âge"
• o o

•
a • • ⑧

•
⑧

" We are rerygrateful to Osamu Igama for this class of example, l


